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Abstract 


Some barotropic soo mb forecasts are compared in the following manners: 
1) comparison of the differences between forecasts made from analyses with identical boundary 


regions but different inner parts 


2) comparison of forecasts made from two independent analyses based on identical material, 


and 


3) comparison between forecasts based on two analyses with identical inner region but differ- 


ent boundary regions. 


The result of a computation of the standard deviation of the vorticity and the Jacobian 
J(n,8) is given and discussed, the deviation being due entirely to the personal factor in upper 


air analysis. 


Introduction 


When discussing numerical forecasts such 
as barotropic soo mb forecasts one has a 
definite need of some kind of verification 
figures. The ones mostly used in the past have 
been the correlation coefficient between ob- 
served and forecast height changes, the root- 
mean-square difference of these values and 
so on. In an earlier paper (1957, in the following 
called paper I) the author reported the result 
of an experiment in which the initial soo mb 
chart as well as the barotropic 24h and 48h 
forecasts were kept constant, while different 
verification analyses were used. Thus, the 
forecast height changes were the same all 
through the experiment, while the observed 
changes varied with the different verification 
analyses. The latter analyses were based on 
identical observation material and the reported 
deviations were entirely due to the personal 
factor in upper air analysis. 
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In this paper another experiment will be 
discussed, in which the verification charts are 
the same all the time while the initial charts 
vary, the variation being entirely due to 
the method of analysis. The observation 
material was identical for all the four different 
analyses used for the experiment. Thus, the 
observed changes varied this time with the 
initial analysis as did the forecast changes. 

The soo mb forecasts were performed as 
discussed in papers by Staff Members, Dept. 
of Met., Univ. of Stockholm (1954) and 
Bou (1955). The grid size was about 300 
km and the area used is indicated in fig. 1. 
The total forecast area was about 12,000 km x 
9,000 km and the verification was performed 
over an area of 8,000 km x 4,000 km (see 
fig. 1). 

Among the 29 analyses discussed in paper I 
three were picked out. The first one was the 
author’s analysis (from here on called analysis 
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Location of the grid used in the numerical foreasts. The solid line indicates the region within which 


verification was made. The dashed line gives the boundary outside which the analyses discussed in paragraph 1 were 
identical. The calculations discussed in paragraph 5 were performed over the small region with the dash-dotted lines. 


A) which gave a low value for the correlation 
coefficient for the 24h forecast. The second one 
(analysis B) was the analysis that gave the 
highest 24h correlation coefficient and as 
the third analysis a numerical analysis was 
chosen (analysis C). The numerical analysis 
was used already in paper I and was constructed 
according to the scheme laid down by Berc- 
THORSON and Döös (1955) and by Döös and 
EATON (1957). 

In the earlier experiment the analysis was 
restricted to a region slightly larger than the 
verification area indicated in fig. 1. Thus, 
it Was necessary to increase the analysis area 
of analyses B and C. This was done in such a 
way that the boundary region from analysis 
A was fitted to the inner part of analyses B 
and C. In fig. 1 is indicated the boundary out- 
side which the three analyses were identical. 


Furthermore, the analyst who once per- 
formed analysis B completed his analysis to 
the outer boundary of fig. 1 (analysis B1). 
Thus, the author had at his disposal four 
analyses that were to be brought together and 
compared in three different ways: 

1) Comparison of the differences between 
forecasts made from analyses with identical 
boundary regions but different inner parts, 
(analyses A, B and C), 

2) comparison of forecasts made from two 
independent analyses based on identical mate- 
rial (analyses A and B?), and 

3) comparison between forecasts based on 
two analyses with identical inner region but 
different boundary regions (analyses B and B}). 

Before going into numerical details two 
things must be stressed: 

a) this discussion deals only with one 
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Table I. The standard deviation of the difference between analyses A, B, B! and C and the corresponding 
forecasts. The computations were made over the inner area given in fig. 1, consisting of 420 grid points. 


ee 


Analysis pairs A—B B—-C 


Analysis | 26 gdm | 24 


24h forecasts 


A—C 


BI—C 


B—B! 


33 | 
ı _ 48h | 54 41 | 


39 


single case and it is not claimed that general 
conclusions can be drawn from it. The goal 
of this paper is only to show what may happen 
under certain conditions, 


b) the case studied in this paper and in 
paper I represents a simple case from the ana- 
lyst’s point of view. The observed differences 
in analysis are therefore relatively small. 


Let us first examine numerical estimates of 
the differences between the analyses used 
during the experiment. As a measure of the 
deviations between the analyses the author 
has used the standard deviation (d) of the 
difference between the height values at the 
420 grid points of the verification area indi- 
cated in fig. I. 

In the literature on numerical analysis the 
root-mean-square difference (RMS) is some- 


times given. 
The difference between d and RMS is 


small when (A-B) is a small quantity (A 


and B being the mean value of the height of 
the soo mb surface over the area considered) 
as is always the case when we compare different 
analyses over a relatively large area. The 
reason for using d in this paper is the fact 
that the same quantity is calculated for the 
different forecasts and in these the differences 


(A-B) may reach very large values (in one 
case 148 geodynamic meters (gdm)). 

In table I the values of d are given and they 
ought to be compared with those given by 
earlier authors. CRESSMAN and GILCHRIST (1954) 
have given the values in table II. They used 
three different analyses together with a nu- 
merical one. The two first analyses (1 and 2) 
“were prepared very carefully by experienced 
analysts who took all the time they needed 
for their completion. Analysis 3 was made 
hurriedly under operational conditions.” 

Cressman and Gilchrist made the compu- 
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Table II. The standard deviation of the difference 

between three conventional analyses (I, 2 and 3) 

and a numerical one (0) as given by Cressman and 
Gilchrist (1953). 


Analysis ss 
pairs I—3 | 2—3 | 0—1 | o—2| o— 3 
d 15gdm| 20 18 2 22 21 


Table III. The root-mean-square difference between 
two conventional routine analyses (C; and C,) and 
one numerical analysis (N). The values within brack- 
ets represent values for a small area with a dense net 
work of observing stations. Bergthorson and Döös 


(1955). 
Analysis | N—C, Nee CEG: 
pairs 
7 cases 26 (21)m| 24 (18) 26 (20) 
(12h forecast) 


2 cases 


E (29) | 49 (33) | 36 (28) 
(24h forecast) 


tation over a grid of 19 x 19 points or 
approximately 5,400 x 5,400 km. From this 
grid 222 points were selected “as being those 
where sufticient data were available to permit 
a fair comparison”. Thus, the number of 
points involved was only slightly more than 
half that used in this paper. Furthermore, 
the investigated area was to a large extent 
situated over the North-American continent in 
the former case while the one used in this 
paper covers wide parts of the northern part 
of the Atlantic Ocean. It is therefore reasonable 
to get larger d-values in the latter case. 

If we now compare the values given by 
BERGTHORSON and Döös (1954) (table III) 
with those in table I we find that the mean 
value for seven cases is about the same as 
the ones given in table I. A smaller area 
(3 000 km x 2 400 km) gave values 5-6 m 
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lower. In the seven cases a 12h forecast was 
used as a first approximation. The numer- 
ical analysis discussed in this paper, however, 
was based on a 24h forecast. For that reason 
we ought to compare the values for the two 
cases that included a 24h forecast. From these 
values we can see that the values given in 
table I are lower than the ones in table II. 
This is in agreement with the above-mentioned 
fact that the case studied in this paper represents 
a simple case from the analyst’s point of view. 

The mean value of the root-mean-square 
difference given by Döös and EATON (1957) 
was 34 m and was based on a five month trial 
period (about 125 cases) during which the 
numerical analysis technique was used on a 
routine basis. The investigated area was the 
northern part of the Atlantic Ocean between 
25° N and 65° N, i.e. an area with a scanty 
net work. 


1. Comparison between forecasts based on anal- 
yses with identical boundary regions 


In fig. 2 are given all analyses and forecasts 
discussed in the three first paragraphs of this 
paper. The upper row contains four different 
versions of the 500 mb pattern for 7 November 
1949, 0300 GMT. The boundary regions of 
the three analyses A, B and C are identical 
and in addition to these analyses, analysis B! 
is indicated in fig. 2b with dashed lines. The 
verification charts for 8 and 9 November 
1949, 0300 GMT are given in figs. 2g and k, 
respectively. Figs. 2d-f and 2h-j give the 
24h and 48h forecasts, respectively, placed 
below the corresponding initial chart. The 
forecasts based on analysis B! are given by 
dashed lines on the forecasts based on analysisB. 

As can be seen at a first rapid visual inspec- 
tion of the forecast charts they all contain 
the same main error, viz. the trough over 
Central Europe and the Mediterranean is fore- 
cast to move too far to the northeast. Further- 
more, the cyclogenesis over the Atlantic east 
of Newfoundland was missed by all forecasts. 
Over she westernmost part of the verification 
area the forecasts show better agreement with 
the verification charts. On the whole the 
difference between the forecasts are rather 
small. 

On the forecast charts in fig. 2 d, f, h, and j 
are also indicated the errors in the forecast, 
given as the difference between the forecast 
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chart and the verification chart. Thus, a 
minus-sign on fig. 2 indicates a region in 
which the forecast gives too low height 
values. No error fields are given on figs. 2e 
and i in order not to overload these figures. 
The positions of. the centres for extreme 
values of the errors are, however, approxi- 
mately the same as the ones indicated on the 
other forecast charts. Especially, this is the 
case if we compare forecasts B and C. 

On fig. 2 g and k.are given the observed 
24h and 48h changes, respectively. From the 
error field the following conclusions may be 
drawn. 

The most serious errors are those connected 
with (1) the trough from Iceland to the central 
part of the Mediterranean; (2) the low over 
the Atlantic and (3) the strong anticyclogenesis 
in the upper left corner of the chart. The 
errors (1) is brought about by the fact that 
this trough maintained its position under 
filling, while the forecast moved it to the 
northeast keeping its central value unchanged. 
The errors (2) are obviously connected with a 
baroclinic development of a low east of 
Newfoundland. Finally the errors (3) are 
caused by an intense fictitious anticyclogenesis 
over the Alaska region and the area south 
thereof. This must be due to the boundary 
error effect as pointed out by Borm (1955). 
Keeping the boundary values constant in such 
an area with strong cyclonic activity means a 
serious drawback to the value of the fore- 
cast. The numerical value of the error in this 
area exceeds 400 gdm even for the 24h fore- 
casts. 

A striking feature of the error fields in fig. 
2 d and h is the large increase of the numerical 
value of some of the extreme areas. Over 
Canada a change from -so gdm to -250 
gdm was observed. The maximum value 
of —200 gdm over Central Europe in fig. 2 d 
increased, numerically speaking, to — 340 gdm 
over Scandinavia in fig. 2 

In spite of the fact that the numerical values 
of the error sometimes increase or decrease 
radically, a certain conservatism in the error 
field can be seen, if we compare the field for a 
24h and 48h forecast. Comparing consecutive 
24h forecasts and their corresponding error 
field this is more obvious. When using numer- 
ical forecasts on an operational basis this 
fact must be of some value. PETTERSSEN (1956) 
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Table IV. Some verification parameters computed 

for different 500 mb 24h forecasts valid for 0300 

GMT 8 November 1949. Heights are given in geo- 
dynamic meters and wind speeds in m/s. 


Analysis A B | C | B! BE 
5 Be ne UE UE 
Oy 77 66 62 66 69 
(69) |(70) |(73) (69) | (73) 
pl 63 |54 | 52 2.156 
&0 64 52 58 49 50 
Vay 0.67| 0.74| 0.68 0:77 02:0:77 
(0.68)| (0.73)| (0-67)|| (0.75)| (0:78) 
Oe 11.4 9.4 | 10.5 9.1 9.2 
Op 12.3 | 10.2 9.1 9:9 ET. 
(10.7) | (1.2) |(11.5) || (10-9) | (11.1) 
dp 10.4 9.0 7:9 8.8 9.0 
(9-3) | (9-9) | (9.6) || (9.6) | (9.8) 
de 9.0 7.8 8.6 Fi 7.8 
(de)max 33:2 028501036 2 27725 
rad, 0.40 0.56 0.55 0.54 0.53 
(0-44)| (0.49)| (0-37)|| (0-48)| (0-48) 


has reported on an experiment carried out at 
the research centre in Chicago. The numerical 
forecasts were scrutinized by experienced fore- 
casters using their general knowledge of the 
behaviour of the atmosphere from a baro- 
tropic point of view as well as statistics of the 
misbehaviour of the barotropic model published 
among others by GATES ET AL. (1956). On top 
of this a systematic use of the quasi-conserva- 
tism of the error fields might be of some 
value. It would lead too far, however, to enter 
on a detailed discussion on this subject in this 
paper. 

In tables IV and V some verification figures 
are given. These values ought to be compared 
to the corresponding values in table VI. 
Subscripts x and y stand for observed and 
forecast changes, respectively. 

The same symbols are used as in paper I 
(p. 332). 

The variations of the numerical values in 
table IV are mostly between 10 and 30 per 
cent of the mean values. In two cases the dif- 
ferences are quite large: the value of y varies 
between —5 and -22 gdm and the value of 
rd,,d, between 0.40 and 0.56. Comparing the 
Tellus X (1958), 3 
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Table V. Some verification parameters computed 

for different 500 mb 48h forecasts valid for 0300 

GMT 9 November 1949. Heights are given in geo- 
dynamic meters and wind speeds in m/s. 


Analysis A | B | € | BE 
y —48 —2 6 38 
Cy 146 124 124 112 
(137) (129) (132) (106) 
lyl 125 99 IOI 95 
£0 133 92 87 88 
Yry 0.66 0.72 0.74 0.72 
(0.61) (0.70)| (0.77) (0.69) 
Öe 15.8 13.7 12.6 12.7 
Op 16.8 1555 Wie 15.5 
(15.1) | (16.9) | (15-8) (16.7) 
dp 15.0 14-1 127, 14.0 
(13.4) | (13.2) | (13.9) (13-1) 
de 14-2 1272 11.4 II.4 
(de)max 31.4 29.5 27.0 28.0 
rad, 0.23 0.31 0.39 0.39 
(0-11) (0.38) (0.49) (0.32) 


Table VI. Some observed quantities for the 24h 

(48h) pericd ending at 0300 GMT 8 (9) November 

1949. Heights are given in geodynamic meters and 
wind speeds in m/s. 


24h 48h 
Analysis A B C IN B C 
% 2 = =& 23 19 18 
Or 69 74 78 a IT 
(| 53 | 56 |59 || 90 | 90 | 86 
do 10.8 | 11.8 | 12.4 || 16.9 | 16.4| 15.4 
do 9:77 9:91 |07.0:24 10744 1.747. Tas 
(do)max | 32.5 | 38.7 | 39-9 || 39.6 | 38-4 | 33-8 


values of x in table III we find that the variation 
in y is much larger than in x. 

The percentage variations in table V are 
for most quantities larger than the correspond- 
ing values in table IV. 

If we now compare tables IV and V with 
table II in paper I (p. 333) we notice that the 
variations given in this paper are larger and 
in some cases much larger than the carlier 
ones. This is natural as we now deal with 
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differences in forecasts based on different 
analyses and in the earlier case with differ- 
ences caused by different verification analyses. 
The effect is, however, counteracted by the 
fact that in paper I 26 (29) analyses were 
discussed while in this paragraph we are only 
discussing three different forecasts. 

As was already stated in the introduction 
the situation chosen for this and the earlier 
study is a rather simple one from the analyst’s 
point of view. It would be rather difficult to 
find a case that were definitely simpler to 
analyse if we regard the rather large arca 
covered. For that reason it is the author’s 
opinion that the values given in this paper and 
in paper I represent near minimum values. 

When combining the x- and y-values in 
order to get the numerical quantities in 
table IV and V the x-values were taken as the 
differences between analyses A, B and C, 
respectively, and the verification analyses for 
the 8th and oth of November 1949. It is 
possible to combine, say, an x-value taken as 
the difference between the verification anal- 
ysis and analysis A and combine it with a 
y-value corresponding to analysis B. This 
was done for all possible combinations between 
x- and y-values corresponding to analyses A, 
B and C. The values that showed the largest 
numerical deviation from the ones calculated 
with the aid of the natural combinations are 
given within parantheses in table IV and V. 
Thus, for each forecast we get three different 
sets of verification quantities. If we compare 
the values corresponding to the same forecast 
we have almost the same combination of 
charts as was discussed in paper I: fixed values 
of the forecast changes correlated with values 
of observed changes varying with differences 
in the analysis of either the initial or the veri- 
fication chart. In the earlier case the verifica- 
tion chart varied and this time the initial 
chart is the variable one. The values within 
parantheses deviate in some cases rather 
much from the already discussed values. In 
table V we get a value of r,, for analysis 
A, that is 0.61 instead of 0.66. The values of 
dp in the same table and the same column are 
13.4 and 15.0 m/s, respectively, and those of 
Tags dp 0-11 and 0.23, respectively. 

It is natural to expect that the deviations due 
to different forecasts should represent larger 
values than those due to differences in veri- 
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fication analyses or in the initial analyses as 
the values are calculated in this special case. 
As can be seen in tables IV and V this is the 
rule except in a few places. 

Let us now return to table I and compare 
the standard deviation of the difference be- 
tween analyses A, B and C, respectively, 
with the same quantities for the corresponding 
forecasts. The largest increase is observed for 
the analysis pair A-B, for which the d-value 
increased from 26 to 54 gdm. For the pair 
B-C the increase is somewhat less, from 27 
to 41 gdm. We notice that the d-values are 
approximately the same for all combinations 
of 24h forecasts. It is remarkable that the pair 
A-C shows a constant d-value during 48 
hours. 


2. Comparison between two forecasts based on 
two different analyses 


As can be seen from fig. 2 there are some 
differences between analyses A and B!. The 
largest deviations are observed over northeast 
Greenland and the area around the North 
Pole, over the Alps and northern Italy and 
the region south of the Azores. Minor differ- 
ences are found in the upper part of the area 
given in fig. 2. Very much alike are the posi- 
tion -of the low over northeast Canada and 
of the trough from Iceland to the Medi- 
terranean. 

From table IV we get the resulting veri- 
fication figures. The correlation coefficient 
(rxy) increased to the highest value in the table 
(0.77) and all the wind verification figures 
were lower for the B!-case. The largest per- 
centage drop was observed for the Y-value( — 22 
and -7 gdm, respectively), and the second to 
the largest for the &,-value. The rj, dp-Value 
increased from 0.40 to 0.54. On the whole 
one must conclude, however, that the varia- 
tion of the verification figures does not 
increase noteworthy when we include anal- 
ysis B! and the corresponding 24h forecast 
in table IV. This is of course due to the fact 
that the difference between the forecasts based 
on analyses B and B!, respectively, are rather 
small. This fact will be subject to a somewhat 
more detailed discussion in the next paragraph. 

For the 48h forecasts the differences are 
larger than for the 24h ones, but the deviations 
are by no means great. A large difference is 
observed, however, in the 6,-value, this “wind 
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Fig. 2a. 500 mb, 0500 GMT 7 November 1949, with isohypses for every 4 geodynamic decameters Fig. 2b. s00 mb, 0300 GMT 7 November 1949. Analysis B (solid lines) and B! (dashed lines). Fig. 2c. soo mb, 0300 GMT 7 November 1949. Analysis C. 
and isolines for the absolute geostrophic vorticity in 10-3 sec-1 (dashed lines, isoline interval 10-4 sec-1). 
Hatched areas indicate vorticity values larger than 15+ 10-5. Analysis A. 


Fig. 2d. soo mb 24h barotropic forecast valid for 0300 GMT 8 November Fig. 2e. soo mb 24h barotropic forecast valid for 0300 GMT 8 November Fig. 2f. 500 mb 24h barotropic forecast valid for 0300 GMT 8 November 1949. Fig. 2g. Verification s00 mb, 0300 GMT 8 November 1949 (solid lines) 
1949 (solid lines). Dashed lines (interval 4 geodynamic decameters) give the error 1949. Based on analysis B (solid lines) and B! (dashed lines), respectively. Based on analvsis C Observed changes are given by dashed lines EEE interval 4 geody sn 
> : 7 i i hi \ = : 5 = ‘ ic 
of the forecast; a plus sign means that the forecast value is too high. Hatched decameters); hatched areas indicate changes numerically larger than 8 geodyna- 
areas indicate errors numerically larger than 8 geodynamic decameters. Based een g y 
on analysis A. x 


fe SQ ee IY PTT % NS SES a TE TE “2 REIFE = 
N - | N x U 4), = 
N NS \ 4 SRE a= 4 Gg 2 À x 
PA \ 3 / N LS IT, L x 
H EC | \32 (6\\ ö Z \ 
+ A \\ 2 +. 


Fig. 2h. soo mb 48h barotropic forecast valid for 0300 GMT 9 November Fig. 2i. soo mb 48h barotropic forecast valid for 0300 GMT 9 November 1949. Fig. 2j. 500 mb 48h barotropic forecast valid for 0300 GMT 9 November 1949 "i 

1949. Hatched areas indicate errors numerically larger than 16 geodynamic deca- Based on analysis B (solid lines) and B1 (dashed lines), respectively. Based on analysis C. ‘ Fig. 2k. Verification soo mb, 0300 GMT 9 November 1949. Hatched areas 

meters. Isoline interval for dashed lines 8 geodynamic decameters, Based on indicate regions with observed changes numerically larger than 16 geodynamic 
analysis A. decameters. Isoline interval for dashed lines 8 geodynamic decameters. 
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error” being 15.8 and 12.7 m/s, respectively. 
The largest difference is that of the y-value, 
-48 and +38 gdm, respectively. If we 
disregard this difference the following con- 
clusion can be given from an inspection of the 
parts of tables IV and V discussed so far: in 
this case the inclusion of a new analysis with a 
different boundary region did not give rise to 
larger differences than were already observed using 
analyses with identical boundary analysis and 
different inner region analyses. 


The above conclusions are the same if we 
look at table I. The d-values show only small 
differences if we compare the analysis pair 


A-B! instead of A-B. 


A visual inspection of the 24h forecast charts 
of fig. 2 gives the result that both sets of fore- 
casts fail to predict the right position of the 
Mediterranean trough. Due to the extreme 
vorticity values combined with large wind 
velocities given by analysis A over Italy, 
the forecast based on this chart moved the 
trough more to the northeast than did the 
corresponding forecast based on analysis B! 
and at the same time the trough became 
sharper. It is, however, interesting to note 
that a new trough is situated over the Central 
part of the Mediterranean. 


The low over northeastern Canada has the 
same position on the two forecast charts and 
the same is true for the ridge from the North 
Sea to Spitzbergen. Apart from the trough 
over Central Europe the two forecast charts 
ought not to result in two substantially differ- 
ent general forecasts for the verification area, 
i.e. the translation of forecast upper stream 
patterns into weather ought to be rather 
similar. In other words: if we disregard the 
trough over Central Europe there is no sig- 
nificant operational difference between the 
two forecasts. 


A comparison between the 48h forecast 
charts shows that the deviations are larger 
than was the case for the 24h forecasts. It is 
beyond all doubt that for some areas a trans- 
lation into weather of the soo mb stream 
pattern would result in significantly different 
forecasts. This is true over the Baltic and 
adjacent areas, over the Central part of the 
Atlantic Ocean and the Mediterranean and 
finally over portions of the North-American 
continent. Subjectively speaking one could 
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say that there exists an operational difference 
between the 48h forecast charts. 

Best (1956) has given some examples on 
deviations between forecasts based on different 
analyses of (practically) the same observation 
material. 

His conclusion was that “the prognostic 
differences do not appear to be of major im- 
portance on the 24h forecasts. Howeveı, for 
forecast periods of 48h and 72h, the prog- 
nostic differences seem large enough to be 
operationally significant.” 

A very large deviation was reported by 
Newton (1954) who by reanalyzing a 500 
mb chart over the area southwest of Ireland 
got an increase of fxy from 0.06 to 0.41. In 
his case mean values of computed instantaneous 
tendencies twelve hours apart were compared 
with twelve hour observed changes. 


3. Comparison between forecasts based on two 
analyses with identical inner region but with differ- 
ent boundary regions. 


As already stated in the foregoing paragraph 
the difference between forecasts based on 
analyses B and B? did not differ too much 
from each other. Fig. 2 indicates that as 
far as the 24h forecasts are concerned the only 
noteworthy difference within the verification 
area is to be found over westernmost Atlantic. 
On the 48h forecast charts some differences 
are noteworthy over the North-American 
continent. The low over eastern Canada has 
deepened somewhat on the B-forecast while 
the B!-forecast shows a slight filling. The low 
off the American westcoast on the initial 
charts is situated west of the Rocky Mountains 
on one chart and over or just east of the 
divide on the other. 

In the boundary area in the upper left 
corner of the chart the boundary error are 
very different on the two charts. 

The conclusion is that for some areas the 
two 48h forecasts may be regarded as slightly 
operationally different. 

An inspection of table IV gives the result 
that analysis B! gave a slightly better 24h 
forecast than did analysis B. Practically all 
verification parameters show a decrease in 
their numerical value but the decrease is 
small, indeed. The correlation coefficient rose 
from 0.74 to 0.77. The differences given in 
table IV can hardly be said to be significant. 


296 


ROY BERGGREN 


N 


UM. 


Fig. 3. 500 mb 24h barotropic forecast valid for 0300 GMT 8 November 1949 (cf. fig. 2e, solid lines). Dashed 
lines give the difference between the forecast and an “erroneous” one (see paragraph 4) with values numeri- 
cally larger than 10 gdm indicated by hatching. 


The differences for the 48h forecasts are 
larger for some quantities. This is especially 
true for the y-value and also to some degree 


for the ö,-value and d,-value. 


4. Discussion of the influence of an isolated erroneous 
grid value on the forecast 


During the punching of the initial data for 
analysis B! in order to get it into a form 
suitable for the BESK computer, an error in 
the punching equipment gave a wrong grid 
point value for the point encircled in fig. r. 
The grid point is situated over the Gulf of 
Alaska. Instead of the correct value (5)280 
gdm the machine punched (s)o8o gdm. 
This error was not traced because in the 
first print-out the value 280 was given. 

This large point error seemed to have a 
peculiar influence on the computations. The 
24h forecast was received without trouble, 
but when plotted and analyzed it was dis- 
covered that in the region of the wrong 
initial grid value a very peculiar pattern was 
obtained. During the continued calculation 
the number of iterations ran to rather high 
values and after 11 timesteps the calculations 


were stopped, i.e. after 24h + 11 x 1.2 © 37h. 
The 37h forecast contained some very odd 
values south of Alaska and it was not possible 
to analyze that area without getting enormous 
gradients and a couple of small distinct lows 
and highs. 

The fact that the wrong initial grid point was 
situated quite a long distance from the veri- 
fication area gave the result that the veri- 
fication figures for the 24h forecast based on 
the “wrong” analysis (called B™ in the 
following) did not differ much from those 
of the B!-forecast. In table IV are given the 
verification figures and we can see that the 
differences are very slight. 


It is interesting to study the distribution o 
the difference between the B™ and B11- 
forecasts. These differences are given in fig. 3. 
Within the verification area the differences 
for large regions are less than 5 gdm, numeri- 
cally speaking. The mean value of the abso- 
lute value of the difference calculated for the 
verification area was 5.7 gdin. As can be seen 
from the figure the influence of the error 
over the inner region is very slight. The 
computation did, however, break down, the 
number of iterations increasing from 2-4 
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during the first 24 hours to 26 just before the 
calculations were stopped. 


5. Differences between the value of some param- 
eters calculated from a set of analyses. 


In the forecast scheme used in connection 
with the forecasts discussed in this paper the 
following equations are used 


E= 26 (1) 


0& _ mb on Ob _ 
dt ax dy + dy ax =]. 4) (3) 


where ¢ is the geopotential of the soo mb 
surface, & = fm? £ (2 is the relative vorticity), 
n the absolute vorticity, m the mapping factor 


I + sin $0° . : ee 
m= Send in this case Jand fthe Coriolis 
I+snd 
parameter. 


During the computation the quantity 


V 2d; = Pi jtrt $i, 7—1+ dirnst 


+ Pier, j AP (4) 


is computed. Furthermore the quantity 


Mo P)= mers ms) (dir - 
en ue (Mr Mis) (Fi 43,5 — Pix) 
(s) 


is calculated (scale factors is also applied in the 
two cases but they are disregarded here). 
The differences observed between the fore- 
casts as discussed in the paragraphs 1-3 must 
be due to differences in the initial distribution 
of the geopotential of the soo mb surface. 
As they occur in the initial charts discussed in 
this paper, they are entirely due to differences 
between the analyses caused by the personal 
factor in upper air analysis. It might be of 
interest to calculate some parameters from the 
26 different analyses referred to earlier. For a 
small area centered over Central Europe (see 
fig. 1) a calculation was made of the standard 
deviation (s) of ¢ and v*¢;,; and of J (n, ¢) 
and J;,; (mn, $). The first two quantities 
were computed for all 70 grid points within 
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the indicated area and the other two for 23 
grid points evenly spaced over the area. 

A visual inspection of charts containing 
the distribution of the s-values for the four 
quantities (not shown in this paper) defined 
above gives the following result. The s-value 
for ¢ and v 2 ¢;, ; show rather confused patterns 
and it is not possible to notice any connection 
between these and the isohypse pattern or 
the pattern of the isotachs of the geostrophic 
wind. The highest values were found at one 
grid point over Poland and the second to 
the largest over Italy. Minimum values 
occurred over Scotland and in a narrow band 
from northern Ireland to Central Germany. 

As for the s-values for J; ; (n, 6) and J(n, d) 
they were much more regularly distributed. 
The highest values was observed in the north- 
westerly current from the Bay of Biscay to 
Sardinia while the minimum values occurred 
in the trough from the North Sea to the Alps. 


Table VII. The standard deviation (s) of some pa- 
rameters in equations I—5. 


= Smax | Smin units 
Vi; 28.4 49-1 13.6 |gdm 
Ji;(m,®) | 561 - 1074 |rııo + 10” | 132 + 1074 |MTS 
Et ae || Gano aor? | oo sor?) MINS 
no) 26:3)* 10m 432-00 1022 rose NS 


In table VII are given mean values of s 
over the 70 (23) grid points together with 
the extreme grid point values observed within 
the area. 

Taking the s-value of 28.4 gdm for V26, ; 
from table VII, it might be of interest to 
compare it to the value of the standard devia- 
tion of the height of the soo mb (o,) as given 
in paper I. The value of o, represents the 
variations due to the personal factor in anal- 
ysis. Its mean value over the area considered 
in this paragraph was 13.1 gdm. Assuming 
that the value at one grid point is independent 
of the value at nearby grid points, we get the 
value \/20- 13.1 = 58.7 gdm for the value 
of s for V 2d; ;. The actual value in table VII 
is 28.4 gdm, the difference being due to the 
correlation between the value of o,, at adjacent 
grid points. 
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The mean value of s for the vorticity is 
3.21078 sec! and this value ought to be 
compared to the mean values of the rela- 
tive and absolute vorticity for the investigated 
area. These mean values are 3.2 : 10”? and 
14.0 : 1075 sec“, respectively. 

The mean value of s for J; ; (n, $) ought 
to be compared to the mean deviation o 
the mean value of the same quantity calculated 
for the 23 grid points and from the 26 analyses, 
this value being 96 : 1074 MTS. The mean 
value for the whole area is 4: 1074 MTS, 
while the mean value of the range at each 
grid point is 2,270 - 1074 MTS. 

Considering equation (3) and the mean 
value of s for J (n, &) given in table VII, we 
notice that the corresponding value of A& 
is equal to 5.9 : 10-10 MTS, when the time 
step is one hour.! 

Thus, the value of s for J (n, ¢) corresponds 
to a value of AË (for a time step of one hour) 
that is 1/6 of the value of itself as the mean 
value and the mean deviation of & for the 


1 The calculations are actually performed in such a 


way that A &=é'—é—24! and the corresponding 
Jacobian is computed for (f— At). For the first two time 
steps it is not possible to use centered differences and 


then AG = EAH — £° with the corresponding Jacobian 
for t=o and A€=E4'—£ together with J(n4*?, 
g LP), respectively. 
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area under consideration is 35.7 : 10-10 and 
40.3 : 10-10 MTS, respectively. 

The first conclusion one draws when faced 
with the values in table VII may be that 
forecasts based on these different analyses 
ought to be quite different. As has been pointed 
out in paragraph 1 through 3, this is not the 
case. The explanation for this apparent 
discrepancy is given by THOMPSON in an ar- 
ticle published.in 1954. In his paper Thompson 
shows that the solution of the vorticity equa- 
tion for quasi-geostrophic flow can be given 
in terms of the first derivatives of the height 
of the pressure surface used. The errors in 
computing second and third order derivates 
are cancelled out in the process of solving 
the vorticity equation. Thompson emphasizes 
that errors in reported observations are non- 
systematic and therefore the percentage errors 
in the solution of the vorticity equation are 
generally much less than the percentage errors 
in the computed vorticity advection at indi- 
vidual points. In the case studied here, however, 
the differences in the analyses are to some ex- 
tent systematic as they depend largely on the 
character of the network of upper air observing 
stations. Furthermore, the reported deviations 
are mean values for an area of approximately 
2,700 x 1,800 km and do not represent errors 
at individual points. 
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Abstract 


The averaged vertical motion and the heat sources and sinks have been computed for 
the normal maps for January and July. The perturbations in the westerlies due to large- 
scale heat sources and sinks and to the earth’s topography are discussed, first using the 
theory of small perturbations and secondly allowing the perturbations to be of a finite 


amplitude. 
Section 2 
daily weather systems. 


III. Dynamical studies on the general 
circulation over Eastern Asia 


In the first two parts* (STAFF MEMBERS, 
1957, 1958), we have presented the principal 
results of the synoptic and aerological studies 
on the general circulation over Eastern Asia. 
Here in the third part we are going to summa- 
rize the dynamical studies. In the dynamical 
investigations we are primarily concerned 
with the formation of the mean winter upper 
air flow pattern and the dynamical influences 
of the large-scale topography on the daily 
weather systems over Eastern Asia. 


1. The formation of mean winter flow pattern 
over Eastern Asia 

In general there are two extreme views 
about the cause of formation of the mean 
upper air circulation. One school emphasizes 
the thermal origin while the other stresses 
the dynamical or topographical origin. Here 
we shalı discuss the dynamics of formation 
of the mean upper air flow over the Far East 
from a combined view-point. 

The large-scale topography over the northern 


* Hereafter these references will be referred as (I). 
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contains a discussion of the dynamic influence of the topography on the 


hemisphere is already well-known. However, 
the distribution of heat sources and sinks is 
not yet clear. Different authors computed it 
in different ways. Therefore their results are 
not at all comparable. Here we have adopted 
the following three ways for computation: 
a. Taking mean of the thermodynamic 
equation in the steady state, we have 


cae bl 
= Reap: 


[v» 9 Yh = 2 In i) Om | (1) 
8 P 


Here his the 1,000— soo mb thickness; w = dp/dt; 


DR ; 
en —, used as constant; yais the dry 


So Op 
adiabatic lapse rate and Q, defined as the heat 
source (if positive) or sink (if negative), is 
the rate of heat gained or lost per unit mass 
and unit time through radiation, turbulence, 
condensation and evaporation. The remaining 
symbols are used as usual. Further the subscript 
“‘m’” represents the mean for 1,000—500 mb; 
“bar”, the value on soo mb; and subscript 


cos 


o”, values on 1,000 mb or the surface. 
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The first term on the right of (1) may be 
calculated from the mean charts of 1,000— 500 
mb thickness and 700 mb by the geostrophic 
approximation, v,, being taken as the wind 
on 700 mb. 

Assuming ® to be a linear function of p, 
@®m may then be computed from w, (due to 
the earth’s topography) and @ which in turn 
may be evaluated from the divergence at 
1,000 mb and soo mb and w,. The divergence 
at 1,000 mb is obtained from the mean surface 
vector wind, while that on soo mb is com- 
puted as follows: By introducing the vertically- 
integrated wind components. 


CO 


| ude, 72 | d 
Pod PPO ES 


{6} 


in the tendency equation in the steady state, 
we get 


DUO (AP 7 fe) g 
Fe gene (wt Pe) + Eu () 


Here wy=Vo' V n(x, y), n(x, y) being the to- 
pography of the earth’s surface. The expression 
on the left of (2) may be considered as diver- 
gence on 500 mb. # and v on the right of (2) 
are taken as the geostrophic wind on soo mb. 
Thus the last term of (1) may be calculated. 

b. The vertical motion is computed from 
the divergence of actual wind observations. 
Advection is also calculated from wind data 
under the geostrophic assumption. The result 
of heating obtained from these two terms is 
checked against radiation (short and long 
wave) and turbulence. 

c. Adopting Sawyer and BusHBy’s (1953) 
two-parameter model for numerical integra- 
tion we have 


Here v and £ are respectively the geostrophic 
wind and relative vorticity at the mean level; 
vr and &r, respectively the thermal wind and 
thermal relative vorticity and f, the Coriolis 
parameter. In obtaining the above equation 
the boundary conditions ©=0 at p=p, and 
p=pı are used. In the same model equation 
(1) may be written as 
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Eliminating w from the above two equations 
we get 


where d= "Assumed to be independent 
Vd° OQ 
of height. 

We have calculated the heat sources by the 
first method over the northern hemisphere 
for January and July, by the second method 
over the Tibetan Plateau and its surroundings 
for winter and summer and by the third 
method for northern Asia for winter. The 
first and second methods give practically the 
same results while the third method gives 
similar distribution but too high intensity. 
We shall give the results by the first method. 

The average vertical motion in the lower 
half atmosphere over the northern hemisphere 
is shown in fig. 1a (January) and 1b (July). 
Fixing our attention to Asia and its adjacent 
regions we see that in winter (fig. 1a) down- 
ward motion prevails almost over the whole 
Asia and Western Pacific which is due to the 
outbreak of cold air. In summer (fig. 1b) 
upward motion is present over almost the 
whole Eurasia with a center over the Tibetan 
Plateau. 

Multiplying @,, by c,Z’, we obtain the part 
of the heat source or sink balanced by vertical 
motion. This part which is of the same order 
of magnitude as that part balanced by tem- 
perature advection is usually neglected in the 
computation of heat sources. The distribution 
of total heat source is shown in fig. 2a (Jan- 
uary) and fig. 2b (July). Again fixing our 
attention to Asia and its adjacent regions we 
find that in winter (fig. 2a) a cold source is 
present over the greatest part of Asia and 
the heat source is centered over the Western 
Pacific. In summer (fig. 2b) the distribution 
is almost reversed. 

In the following we shall discuss the pertur- 
bations on the westerlies due to the large- 
scale heat sources and sinks and the earth’s 
topography. Using again Sawyer and Bushby’s 
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Fig. 1. Mean vertical motion in the lower half atmosphere over the northern hemisphere. (a) January and 
(b) July (unit: cm sec-1). 


Fig. 2. Distribution of heat sources and sinks in the lower half atmosphere over the northern hemisphere 
(a) January and (b) July (unit: 10”? cal gm™ sec-1). 
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model we obtain the vertically integrated 
vorticity equation for the steady state: 


ER if 


N ÊT = In: vm (9 


where H=RT,/g is the height of the homo- 
geneous atmosphere. In deriving equation (4) 
the lower boundary condition 
I 
TED Wo Vo VT 


Cog 
is used. Introducing the assumptions that 


v(x7,p)=v (x, y) + A(p) vr (x 7). 

w (x, 7, p) = B(p)& (x,y) + C(p) & (x, 7), 
where A(p)=(po+m-2p)/(po-p1) B(p)= 
1= Atand C(p)=2— 

(p) Poll 
200 mb), into the steady state vorticity equation, 
multiplying with A(p), and then integrating it 
with respect to p from py to pı, we find 
MAC CRAN Tr an (5) 
ie. 

Again using the assumptions for the distri- 
bution of v (x, y, p) and w (x, y, p) and the 
geostrophic approximations in the thermody- 
namic equation in steady state and eliminating 
@ from it with equation (5), we have 


V-Vér+vr: V(f+6)= 


atp — Po 


(Po= 1,000 mb, p, = 


M. EN 
- 2 Le, Qu-v:vh], (6) 
AD 
2 
where c, = in £2 , M eu nd 
8p P Po — Pi CRT, 
= as apa] AP ‚In *Po . By intro- 
2p-Pı (Po-Pr)® PotPr 


ducing perturbation quantities and geostrophic 
approximation in equations (4) and (6) we 
obtain the two required differential equations 
in h and z, where z is the 500 mb perturba- 
tion height: 


A: ur dz ftp = 
So BR = ar Ur)n (7) 
) zZ 
vet nr ü(£-) a 
Ox U ox 
— dz 
+ MUr =~ = - Mey Qu, (8) 
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092 0% 
2 = eee pes 
where V?= ee ape 
plicity the prime sign in the above equations 
is dropped. In these equations U is the speed 
of the basic current on soo mb level and Ur, 
the thermal wind in 1,000—soo mb layer. 
Applying now the above differential equa- 
tion to a rectangular region with a marginal 
cyclicity and a length equal to that of the 
latitudinal circle at 45°, the solution for z 
may then be written as 


_ SU Zur) 


and 6 =df/dy. For sim- 


gH 3U?- Ur 
dn (x — a, y — y) dady + Mc, — T— 
Bi: 
SS Qn(æ, v) da (x - ©, y -y) dady (9) 


where the topographical influence function 
d and the heating influence function &, 
are respectively given by 


I co 
Pn (x; y) = 4e 22% 


M- cs +42 + hk? 
U ei(Ax +Ry) 


[@ + k2)2?+2M (22 + k?) - PE à 


(10) 


ei +R). 


(11) 
These series may easily be transformed into 

other forms which converge very rapidly. 
With a time unit of one day and a length 
unit of the radius of 45° latitude circle we use 
for the winter case U=0.287, Ur =0.245 
(corresponding U=15 m/s, Ur=13 m/s) M 
=231 and B/U=21.9. Fig. 3a is the soo mb 
flow pattern due to topographical effect only 
(Qu =0). In this figure we see that the posi- 
tion of the major trough and ridge is correctly 
presented. But the intensity of the southern 
part of the trough and ridge is much stronger 
than in the actual case. Further the band of 
Tellus X (1958), 3 
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Fig. 3. Steady soo mb flow pattern produced by the 
effect of (a) Tibetan Plateau and its adjacent mountains 
and (b) heat sources and sinks in the westerlies. 


Fig. 4. Steady soo mb flow pattern produced by the 
combined effect of mountains and heat sources and sinks 
in the westerlies. 


strong westerlies is too much to the north 
of the observed position. Fig. 3b is the 500 
mb topography due to large-scale heating 
only (n=o). This figure also gives a correct 
position of the Asiatic major trough, but the 
ridge over Tibet and its adjacent plateau does 
not appear. The overall pattern Olative 34,18 
better (ie. nearer to the observed one) than 
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' that of fig. 3b. But in fig. 3b the strong 


Asiatic Jet is correctly shown. The combined 
effect of topography and large-scale heating 
on the flow pattern over the Far East is pre- 
sented in fig. 4. Comparing this figure with 
fig. 1 of (I) we find that the computed trough 
and ridge as well as the jet check with the 
observed one fairly well. 

The above investigation is based on small 
perturbation theory. To go one step further 
we attempted to discuss the dynamics of topo- 
graphically produced perturbations of finite 
amplitude in a three-dimensional baroclinic 
current. Eliminating ® between the steady 
state vorticity equation and the thermodynam- 
ic equation in spherical coordinates (A, ©, p) 
we find 


J (= a + 22 cos ©, +) =O (12) 


fo ap? 
oAoB DA9B 
where J(A, B)= 2 Bl Od q= cos ©; 


re I % no À I = | 
V = Rsn0 | 26 |" 96)" sin 6 2 |’ 
Ais the longitude; ©, the co-latitude; R, the 
earth’s radius; 2, angular speed of the earth’s 


talnO 


rotation;0 = —— 
o op 


assumed to be constant; and ¢, the geopoten- 
tial. The general solution of equation (12) is 


2 2 
sh Riad Rs (13) 
f dp? 

where F(6) is an arbitrary function of ¢. 
Under the assumption that the perturbation &° 
vanishes in the vicinity of the poles and that 
the angular speed of the basic current is only 
a linear function of p, F(¢) may be determined 
as 


, the static stability factor 


24+ 9) 4 


. (14) 
fR22 


F (¢)= 


Neglecting A against © we finally obtain a 
differential equation for a finite perturbation ¢' 


22 I De 0:0. m A 
ap? Re? le oe 
a p=0. (p-%3) (15) 
RA f 
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The upper boundary condition is taken as 

d=oatp=o. (16) 

The lower boundary condition may be 

formed from the thermodynamic equation 


which on the earth’s surface p=po (A, ©) is 
written as 


(17) 


where the geostrophic assumption is used. 
Neglecting the variation of Qo, the general 
solution of equation (17) is: 


ap 


8 
a6 (15) 
where G(d,) is an arbitrary function of &, 


which may similarly be found as F(d) in the 


following form 


Een (4,- >) 
Ao dp 


Why = ep (m Po) 


-0%2n=G (do) 


=Po 


Finally the lower boundary condition is ob- 
tained as 


Lo eh, 
ap oh AO) 


at P= P, (A, ©) (19) 


where c=fA,/V6 Ao, H (A, ©) = foogVon(A, 9). 

The differential equation (15) is to be 
solved under the boundary conditions (16) 
and (19). It gives 


$ (4,9 p)=foogve & > 


n=Im=I 


oF E49 [yy (61) Pa (8) = Va (63) a GEN 
BRS 


[h cos mA + h™ sin mA] P" (cos ©) (20) 


a ze 
2 2k vole, 


STAFF MEMBERS, ACADEMIA SINICA 


P™ (cos @) is the associated Legendre function 
and h” and h'm are coefficients of the spherical 
harmonic series expressed for the mountain 
function n(A, ©). yı and y, are the two funda- 
mental solutions of the confluent hypergeo- 
metric equation 

i 


d? dp r 4 
Y Y va 


% is = ORR, 
de et o, where r=2/kR?21, 


They are given by CHARNEY (1947). 


me las a (a+ Rp. 
2a SEM) 
[In E+ T(o) -2 ik 
= = Bn we = ta = 2 a, 


and y, = EM (a+ 1, 2, &). Here a= -r, B,= 
= ir 2 +=, Mb, Er 
veo \Qt+v I+” n Ze 1-b 

a(a+1) 43% 


2!b(b+1) 


ma function. 


+, and /'(a) is the Gam- 


Numerical computation is carried out with 
vo =0.128 m mb-! sec", A, =0.63 x 10e 


and A,=0.68 x 1078 sec! mb-1. With these 
constants the series y,(&) and y,(€) computed 
by CHARNEY (1947) may be used. The flow 
over the northern hemisphere on 850 mb, 
700 mb, soo mb and 300 mb is computed. 
Fig. 5 is the 700 mb topography. From this 
figure we see that the position of the major 
troughs and ridges over the eastern world is 
in good agreement with observation, but 
there is a discrepancy between the computed 


and observed intensity of these systems. As in 


the theory of small perturbation the intensity 
of the computed troughs and ridges is too 
strong to the south. 

The computed flow pattern over the western 
world is not in good agreement with the 
observed. It is because the flow over North 
America without friction is too much in- 
fluenced by the Tibetan Plateau which has 


‚and k? = zo 1) 
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Fig. s. 700 mb flow pattern produced by the earth’s topography over the northern hemisphere. 


much larger dimension than the Rocky Moun- 
tains. Considering these mountains alone the 
computed flow (figure not presented) over 
North America is in better agreement with 
the actual one. 

It is also worth to point out that the axes 
of the computed troughs and ridges are verti- 
cal and the amplitude decreases quickly with 
increasing height. The former fact may also 
be shown in the foregoing theory of small 
perturbation. It is believed that this is due to 
the neglection of friction. 


2. The dynamic influence of the orography on the 
daily weather systems 

In the above we have tried to discuss the 
dynamics of the formation of mean flow 
pattern over Asia. Here in this section we 
shall attempt to discuss the dynamic influence 
of the orography on the development and 
movement of the daily weather systems over 
Eastern Asia and see how far the fact men- 
tioned in (I) can be explained in this way. 

In (I) it is pointed out that most of the 
troughs fill and most of ridges intensify on 
Tellus X (1958), 3 
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the wind side of Tienshan-Altai mountain 
ranges while Lake Baikal is the site for the 
development of the troughs and weakening 
of the ridges. These phenomena will be 
understood from the computations of ten- 
dencies due to orographical disturbance in a 
barotropic model. The vorticity equation in 
this model may be written as 


Bar 


Here the vorticity has been substituted by 
the geostrophic one. Because of the linearity 


2 IZ _ 


de dow 
at 


GE eu, 


ay 


; : dz 
of the equation with respect to Ip thetendency 


due to orography may be calculated separately 
by the following differential equation. 


(22) 


Here 9z/9t may be considered as the rate of 
height change of soo mb surface, wu= vo: V7 
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Fig. 6. The barotropic tendency on soo mb due to orographical disturbance over China (unit: dm/day) (a) with 
Uo=10 m/s, vg9=0, (b) with vg= -5 m/s, ug=0. 


and H=p,/00g is the height of homogenous 
atmosphere. 

The approximate solution (FJORTOFT, 1952) 
of the difference equation corresponding to 
(22) is 


de d2 2, 2 
. nl wo +3 [Au ]) , ad <1<8d. 


(23) 
Here the brackets represent the mean over 
the four surrounding grid-points with grid 
length d, m being the magnification factor 
of the map projection and À being the wave 
length of the motion suitable for the above 
equation. With a Lambert projection of scale 
1:2x 10? (latitude 30° and 60° being standard 
parallels) and d=2.75 cm (equal to the length 
of 5° longitude at along 70° N), 


Az Sf ft fi 
Tp ro : (Sw. =) E v0) (24) 


Az/At in unit of 10 geopotential meter per 
day and the physical quantities on the right 
of (24) in c.g.s. units. 

With (24) and the smoothed topography 
of Eastern Asia (averaged over 2 degree lati- 
tude square) we have computed the tendencies 
on 500 mb due to orographical disturbance 
in a westerly current of 10 mps and in a 
northerly current of 5 mps (fig. 6a, b). 

Fig. 6a shows negative tendencies in the 
regions of Kansu, SW Sinkiang and North 
China. These are just the regions where the 


troughs usually develop or form. West of 
Sinkiang are positive tendencies. These are 
just the regions where troughs usually fill. 
Fig. 6b indicates that in a north current 
there will be positive tendencies over Kansu. 
Thus during NW current, troughs are not aptto 
develop or form over this area. This agrees 
well with our synoptic experience. Further it 
is to be noted that under the same condition 
the tendency (positive or negative) computed 

ere is about twice as large as that over 
the Rockies computed by BoLIN and CHARNEY 
(1951). Thus the dynamic effect of the plateau 
over Asia is more pronounced than that of 
the Rockies. 

Because the development of the troughs 
over North China has special interest for us, 
we have made a further investigation on it. 
With d=300 km we have computed by re- 
laxation method the surface tendencies due to 
orographical disturbances over North China 
in a barotropic atmosphere in a NW current 
of 10 mps (fig. 7). The negative’ tendencies 
shown in the figure agree quite well in posi- 
tion and magnitude with the development or 
formation of the ‘North China Trough’ form- 
ed at the beginning of the outbreak of 
northwesterlies. In general fine weather is 
associated with this type of troughs (fig. 8). 
This is different from the situation associated 
with other types of troughs in this region. 
This is because this type of trough is formed 
dynamically in a descending current. 
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Though we have some success with a baro- 
tropic model, yet there are two defects in 
this model: Firstly in general actual vy 
is much smaller than that used for computa- 
tion, therefore the computed tendency is 
much smaller than that observed if actual v, is 
used. Secondly the computed tendency does 
not change with height in a barotropic model 
while in actual cases the upper current seems 
to be less disturbed by the mountain. In a 
stratified baroclinic atmosphere the result of 
similar computations will be free from the 
above defects. Actually the upward decrease 
of orographical perturbation in this atmosphere 
has been shown in the foregoing discussion. 
From the first law of thermodynamics and 
equation of vorticity we may obtain 

2 72 
ee (25) 
o Op 


Equ. (25) is to be solved under boundary con- 
ditions w( po) =®o = —gQoVo* V7 and w(0) =o. 
Then from 


2 — = — (26) 


we may compute dz/dt at any level. 

By this method we calculated the tendency 
on 300 mb, 500 mb, 700 mb and 900 mb 
produced by Tienshan-Altai mountain ranges 
with surface westerlies of 5 mps. 7 is averaged 
over 5° latitude square, o=2x 10? cm? sec”? 
mb-?, horizontal grid length being 390 km 
and the vertical grid length being 100 mb. 
Equation (25) has been solved by three- dimen- 
sional relaxation method with irregular stars 
at the boundary. 

The results of the computation show that 
the perturbations produced by the large-scale 
topography in a stably stratified atmosphere 
decreases rapidly with height. On the wind 
side of the Tienshan-Altai mountain ranges 
the positive tendency at 300 mb is around 


Fig. 7. The barotropic sea level tendency due to oro- 
graphical disturbance over North China with surface 
NW wind of ro m/s (unit: mb/day). 


Fig. 8. Typical case of ‘North China Trough’ (surface 
chart Jan. 10, 1956, 18 z), notice the clear weather in 
the trough. 
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Fig.9. The 700 mb tendency due to orographical disturb- 

ance of Tienshan-Altai mountain ranges in a stratified 

atmosphere (unit: dm/day). Thick lines: lines of equal 

tendency, thin dash lines: lines of equal pressure height 
(in mb) of earth’s topography. 


20 m/12h, but on 500 mb it is around 30 m/12h, 
on 700 mb, 40—60 m/ı2h and on 900 mb it 
reaches 60—80 m/12h. The distribution on 
700 mb is shown as an example in fig. 9 

From above it is seen that in the lower 
troposphere the orographical perturbation 
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Fig. 11. Observed 24 hr tendency for 700 mb surface in 
decameters (from Jan. 26 (03 z) to 27 (03) 1957). 


in a stratified atmosphere is about 4 times as 
big as that in a neutral atmosphere under the 
same condition. Further we may conclude 
from this that in the forecast of flow pattern 
in the lower troposphere around the Tibetan 
Plateau the dynamics of topography must be 
taken into consideration. 

As an illustration of anticyclogenesis on the 
wind side of Tienshan-Altai mountain ranges 
we may give the following example. On Janu- 


Fig. 10. 700 mb chart, Jan. 
20, | L057 (ES) 2): Isohypes 
labelled in decameters. 
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ary 26, 1957 there is a flat trough on soo mb 
(1500 Z) moving to NW China (fig. 10). 
The observed 24 hour (12 hours before and 
12 hours after the map time) height change on 
700 mb reaches 80 meters over Balkhask (fig. 
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Fig. 13. 700 mb chart Jan. 27, 1957 (15 z). 


11). On the wind side of these mountain 
ranges we may observe rapid anticycloge- 
nesis on 700 mb (fig. 12—13) and even more 
clearly on the surface map. Using half of the 
actually observed geostrophic wind as vs, 
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Fig. 14. Calculated tendency for 700 mb surface Jan. 26, 

1957 (15 z) due to orographical disturbance, in dm/24 hr. 

(Shaded area: Plateau with pressure altitude higher 
than 7oo mb.) 


Fig. 15. Computed 24 hr tendency for 700 mb surface. 


we computed the tendencies due to oro- 
graphical disturbances (fig. 14). The maximum 
tendency reaches 70 m/24 hr. Beside this we 
also computed the distribution of the tenden- 
cies on different levels due to the advection 
of vorticity and the “free” vertical motion. 
We find that the distribution of the sum of 
these two 24 hour tendencies on 700 mb 
(fig. 15) agrees fairly well with the observed 
one. It is, however, to be noted that the 
positive height change associated with low 
level anticyclogenesis on the wind side of 
the mountain range is almost entirely contrib- 
uted by the mountain. Thus the development 
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or genesis of certain anticyclones in this region 
seems largely due to dynamic effect of orog- 
raphy. 

Computation of the rapid filling of the 
troughs on the wind side of Tienshan-Altai 
has also been made. The results also show 
that the computations with consideration of 
the dynamics of topography check better with 
observations than that without topography 
being considered.* 

Besides the development the movement of 
the weather systems may also be influenced 
by topography. It is our experience that the 
movement of the weather systems is faster on 
the north than on the south of Tibetan Plateau 
though the general steering current is stronger 
on the south side. It is easy to understand that 
on the northern (southern) slope prevails hori- 
zontal convergence (divergence) associated 
with the downward motion in the southerly 
current in front of a trough while there is 
divergence (convergence) in front of a ridge. 
Thus under the same general situations the 
systems would move faster on the northern 
slope than on the southern slope. 

Let us take an ideal mountain = a (1 — |y|/b), 
the origin of y being placed on the moun- 
tain ridge. Assuming that © decreases linearly 


with p and w(o) =o then w(p) =a, Ps 
7 
N ee 
RT, ay v„p, the subscript 7 indicating values 


on the mountain. In small motion the equation 
of continuity and vorticity equation are 
respectively 


ou ov’ gg Mm 
ast = v 
Ox dy RTS dy N 


) pl Av" Au! ov’ 
dir = = 
eee (3 Ox Ox? dxdy 5 IX p 
d [dow 
I 5 @ 
, pP 


* It may also be of interest to point out that according 
to our computation for a case (January 15, 1950) 
the formation of a Vb cyclone may be explained by the 
dynamic effect of the Alps. In the example used the 
upper air cut-off low was formed after the surface Vb 
cyclone. Thus PALMEn’s (1949) mechanism does not 
account for the formation of a surface Vb cyclone, in 
this example at least. 


(27) 


(28) 
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Fig. 16. Change of phase velocity (in m/s) as a function 
of wave length (in 1,000 km). 
DETTE, (motion independent of y) 
2) L=2n/k=2n/u 


Eliminating u’ and assuming v„=v’ we obtain 


D) d Dual Ov a, 
aut OX dy? dy + Poe : 


(29) 
the prime on v being dropped and P’=P+af, 
NÉ : i (ext auy nt) 
= RT, ay" Assuming a solution vxe 
we have 
np pr hae ao 
coe. U (+ 2)? (eeu? [k2 + u2 + ioc]. 


(30) 


Assuming the motion to be independent of y, 
we have 


Evidently 
ŒU- BU? north slope. 
a 47? south slope. 
Tellus X (1958), 3 
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The change of phase velocity due to orog- 
raphy is a function of wave length. Their 
relation, for p=35° N and dy/dy=4 x 10-8 
(roughly equal to the slope of Tibetan Plateau), 
is given in fig. 16. For L=3x108.cm this 
velocity reaches several mps. 


| 


Concluding remarks 


Above we have sketched part of our re- 
search work in recent years on the general 
circulation over Eastern Asia. Through these 
studies we get a better understanding of the 
structure, variation and dynamics of the 
circulation over this part of the world. But 
we are aware that there are many important 
synoptic, aerological or dynamic problems 
we have not touched upon or not even 
thought of. However, in our next Five Year 
Plan our pibal and sounding stations become 
denser and denser and a rawin net is also going 
to be established. With the observations from 
this network of stations we would be able to 
do more work. 


This third part of our report is asummary of the following 
papers: 

CHAO JIH-PING, 1956: A preliminary study of the distri- 
bution of heat source over Eastern Asia in winter 
computed from the flow pattern. Acta Meteorologica 
Sinica, 27, 167—180 (in Chinese). 

— 1957: On the dynamics of orographically produced 
finite perturbations in baroclinic westerlies. Acta 
Meteorologica Sinica, 28, 303—314 (in Chinese). 

Chu PAO-CHEN, 1957: The steady state perturbations of 
the westerlies by the large-scale heat sources and 
sinks and earth’s orography (I). Acta Meteorologica 
Sinica, 28, 122—140 and (II) ibid, 198—224 (in 
Chinese). 

— 1957: A note on the orographical effect on the for- 
mation of the mean temperature field. Acta Meteoro- 
logica Sinica, 28, 315—319 (in Chinese). 

Liu Jui-cxrH and Koo CHEN-CHAO, 1957: On the forma- 
tion of North China Trough. Acta Scientiarum 
Naturalium Universitatis Pekinesis, 3, 113—117 (in 
Chinese). 

Koo CHEN-CHAO and CHEN YUNG-SAN, 1957: The per- 
turbation tendency due to the dynamical disturbance 
of Tienshan-Altai mountains in a stratified atmos- 
phere. Ke Hsueh T’ung Pao (Scientia), no. 12, 379— 
380 (in Chinese). 

Koo CHEN-CHAO and CHAO MiınG-TZA and CHIH Li-JEN, 
1957: Tendency computations for synoptic cases 
‘showing strong dynamical disturbance by Tienshan- 
Altai mountain ranges. (Manuscript.) 

Koo CHEN-CHAO and CHow SHAO-PING, 1957: The 
influence of the slope of a plateau on the movement 
of troughs and ridges (in preparation). 

Koo CHEN-CHAO and YEH TU-CHENG (see reference of 
I and II). 

VEH TU-CHENG, Lo SzuU-wiE and CHU PAO-CHEN (see 
reference of (I)). 
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Some Comments on the Numerical Integration of the 
Vorticity Equation and Related Equations 
By GEORGE S. BENTON, Johns Hopkins Universityl, Baltimore, Maryland 


(Manuscript received September 9, 1957) 


Abstract 


It is shown that if the streamfunction is specified over an Eulerian region R (x, y) at t=o, 
and on the boundaries of R (x, y) at > 0, a solution of the vorticity equation which satisfies 
certain conditions of continuity will be unique. If vorticity is also specified at the inflow boundary, 
such a solution is excluded. In the latter case, an internal discontinuity propagates into the 
region along a material surface, and in principle solutions should be obtained separately for 
each sub-region and “‘matched’’ kinematically and dynamically at the interface. The associated 
analytical or numerical problems are prohibitive. 

The problem of obtaining stable methods of numerical integration, specifying only the 
stream function on the boundary, is considered. Numerical integrations of a non-linear first 
order differential equation indicate that such stable methods may exist, in contradiction to 
linear theory. 

The integration of the vorticity and associated equations for the first time-step is also consid- 
ered. A method is presented which is not only simple to apply, but also maintains the same 


accuracy as succeeding time-steps for which centered difference techniques are used. 


I. Introduction 


In recent years, the numerical integration of 
non-linear partial differential equations has 
played an increasingly important role in 
scientific research. This is, perhaps, particu- 
larly true of meteorology. Since the early 
studies of CHARNEY, FJÖRTOFT, and voN NEU- 
MANN (1950) numerical methods have been 
extensively used not only in meteorological 
research but also in operational forecasting. 

The equations to be integrated have taken 
various forms, depending on the physical 
“model” to be studied and the degree to which 
simplifying assumptions are introduced. Ne- 
vertheless, many of the equations — and in 
particular the barotropic models — can be placed 
in the form: 


1 The research reported in this article has been spon- 
sored by the Geophysics Research Directorate, Air 
Force Cambridge Research Center, under Contract No. 
AF 19 (604)—916. 
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Apr=g (y, pl), nit 2 ...,8 ©) 
where A is Laplace’s operator, and the de- 
pendent variable y is a streamfunction or a 
quasi-streamfunction which determines or is 
closely related to the field of fluid motion. 
It is to be noted that (r) includes as a special 
case the unsteady state, two dimensional vorticy 
equation for a homogeneous fluid: 


Ayı=-J (y, Ap) + vA%y (2) 


where » is the kinematic viscosity and J rep- 
resents the Jacobian with respect to an orthog- 
onal cartesian coordinate system in the plane. 

The numerical integration of equations of 
this class involve many mathematical problems 
which are at present only imperfectly under- 
stood. For example, the accumulation of 
truncation errors, and the associated problem of 
numerical stability, have not been adequately 
treated for these non-linear systems. A host 
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of additional unsolved problems could be 
mentioned. 

In the present paper three problems in par- 
ticular will be discussed. First, a statement of 
sufficient boundary conditions will be devel- 
oped for the uniqueness of solutions to differ- 
ential equations of class (1). In order to 
simplify the notation, the derivation will be 
presented in terms of the vorticity equation 
for a perfect fluid (i.e., (2) without the viscous 
terms). This equation is, of course, of funda- 
mental importance in many fields of fluid 
dynamics. However, it must be emphasized 
that the method of proof developed for the 
vorticity equation can be applied with only 
trivial modification to most equations of class 
(1) as well as to certain systems of such 
equations. 

A second problem considered involves a 
definition and discussion of overspecification 
in numerical integration. It will be shown 
that in recent meteorological research, bound- 
ary conditions have been overspecified. Some 
of the consequences are considered; the rela- 
tion between overspecification and numerical 
stability is discussed; and two possible means of 
avoiding overspecification are proposed, one 
in terms of an Eulerian and one in terms of a 
Lagrangian analysis. 

The third problem investigated is the error 
in the first time step of a numerical integration, 
given the value of the dependent variable y in a 
region R (x, y) at time t=o. It is pointed out 
that the conventional method of using an 
uncentered difference for the first time step 
involves an error one order of magnitude 
larger than for all subsequent time steps. An 
alternative procedure is advanced which is 
simple to apply and which eliminates this 
increased error. 

Throughout the text, numerical examples are 
included. For this purpose it is desirable to 
use a simplified non-linear partial differential 
equation for which the analytical solution is 


known. One convenient equation is: 
Ut FUUx =0 


(3) 


This equation, which has the solution: 
u = (x -uf) (4) 


provided J (x - ut, t) is not zero, is of a type 
thoroughly discussed by Lisuruntr (1955). Nu- 
merical integrations of (3) have been used to 
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illustrate the effects of. certain types of over- 
specification and of uncentered differences in 
the numerical procedure. 


2. A Definition of “Overspecification’ and of 
“Admissible Solution” 


The concept of “overspecification” is so 
fundamental to the discussion which follows 
that it seems desirable to clarify its meaning at 
the outset. This concept is essentially related 
to the solution of differential equations, for 
which the dependent variables are to be 
determined everywhere within a specified 
region. Although it is possible to extend the 
meaning to difference equations, this will be 
deferred to a later section. In the discussion 
which immediately follows, the mathematics 
of continuous rather than of discrete systems 
is at issue. 

It is interesting to note that even with regard 
to differential equations, there is much confu- 
sion in the literature concerning what con- 
stitutes “overspecification’”’. Of course, “over- 
specification” occurs when the system of 
the differential equation and boundary condi- 
tions has no admissible solution. However, 
the fact has frequently been overlooked that 
to determine when a system is “overspecified”, 
it is necessary to define “admissible solution”. 
Usually, an “admissible solution” must satisfy 
not only the differential equation and the 
boundary conditions, but also additional re- 
strictions as well. 

This can be illustrated by a simple example. 
Consider the ordinary differential equation: 
dy/dx = 1. Most of us would agree, almost 
without thinking, that it would be an over- 
specification to demand that the solution pass 
through the two points: x=o, y=0; and x= 
1, y=3. Yet such a solution —in fact, an in- 
finite number of such solutions — can be found 
provided we are willing to allow the depend- 
ent variable y to be multi-valued in x. 
Figure 1 a shows such a solution: namely, 
(y-x-1)?=1. Furthermore, an additional 
infinite set of solutions can be found provided 
we are willing to allow the dependent variable 
to be discontinuous (ie. provided we are 
willing to let dy/dx =1 except at one or more 
points where the derivative is not defined). 
An example of a single-valued solution of 
this type is shown in Figure ı b. Even in this 
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Fig. I. Multivalued and discontinuous solutions of dy/dx 
=I passing through the points (0,0) and (1,3) 


simple example, then, we can say the boundary 
conditions overspecify the differential equation 
only if we set up the arbitrary restriction that 
admissible solutions must be single-valued, 
continuous functions of x. Whether this limita- 
tion is a useful one or not depends upon the 
objectives of the investigator. Perhaps this is 
why the term “overspecification” appears so 
infrequently in mathematics, but is found so 
often in the literature of applied science. 

In most physical problems, solutions are 
required in which the dependent variables are 
single-valued, continuous functions of the 
independent variables. This is not invariably 
the case, however. Obvious exceptions occur 
when the dependent variables are defined in a 
multiply connected region: e.g. the potential 
of the electromagnetic force field set up by 
current flowing in a wire of finite diameter. 
In other cases, dependent variables are delib- 
erately allowed to be discontinuous on a 
given surface: e.g. the discontinuity in density 
and tangential velocity component at the 
interface between two homogeneous fluids, as 
in Helmholz waves. In the latter example, 
however, other requirements must be satisfied 
—namely, the kinematic and dynamic bound- 
ary conditions for the surface of internal 
discontinuity. In general, when discontinuity 
surfaces (in the dependent variables or their 
pertinent derivatives) occur within the region 
under consideration, solutions must be ob- 
tained independently for the regions on either 
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side of the surface, and the solutions must 
then be “matched” in some suitable manner. 
We will have occasion to refer to this procedure 
in more detail below. 

With these preliminary remarks in mind, 
let us return to differential equations of class (1). 
In meteorology, equations of this type are of 
primary interest in initial value problems. 
Values of the dependent variable y are specified 
over a region ‘Ri (x,) y) at a-time-t=o, The 
task is to determine what additional boundary 
conditions (if any) are necessary and sufficient 
to determine a unique admissible solution for 
the dependent variable y (x, y, ft) within 
R (x, y) over a certain time intervalo <t<r. 

Before this question can possibly beanswered, 
it will be necessary to decide what additional 
restrictions are to be imposed in the definition 
of “admissible solution’’. In this, we must be 
guided by the nature of the physical problem 
and by the objectives of the investigation. In 
the following paper it will be assumed that 
an admissible solution y (x, y, f) satisfies the 
differential equation over the region R (x, y) 
within the time interval o < t < r, and also 
meets the following requirements: 

(t) The function y (x, y, f) must be a single- 
valued, continuous, real function of the inde- 
pendent variables. This assumption is justi- 
fied since we shall generally be interested in 
regions R (x, y) which are simply connected. 
In addition, if a “shock” develops (i.e. if y 
becomes multiple-valued within the region 
at t=7) the solution ceases to have physical 
validity. In such cases, no admissable solution 
of the differential equation may exist fort > +. 

(2) The derivatives of y that appear in 
the differential equation are defined everywhere 
an admissible solution exists. This restriction 
is justified since we shall not generally be 
interested in the propagation of surfaces of 
discontinuity within the region R (x, y). We 
shall, therefore, be permitted to solve the 
differential equation over the entire region, 
without matching solutions at some moving 
internal boundary. 

(3) An admissible solution y (x, y, f) can be 
expanded in a convergent power series in 
time. For every point with R (x, y) and for 
= Sle << aap io = Oe 


oo 


p (x, 7,9 = LD tdbn (x, 7) (s) 


n=O 
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The desirability of this restriction is by no 
means as obvious as the first two. However, it 
will be useful to investigate solutions which 
are very well behaved. The effect of relaxing 
the requirement that (s) be valid will be 
considered in a later section. 

With the above definition of “admissible 
solution” we are now in a position to attack 
equations of class (1). Unfortunately, it has 
not been possible to determine the boundary 
conditions which are necessary and sufficient 
for a unique solution to exist. Nevertheless, 
if we assume an admissible solution exists 
over some range, sufficient boundary conditions 
for uniqueness can be established.! 


3. Sufficient Conditions for the Uniqueness of 
Solutions to the Vorticity Equation 


The following proof will be developed for 
the two-dimensional vorticity equation for a 
perfect fluid: 

Ayı=-] (y, Ay). (6) 
The proof can, however, by a trivial modifica- 
tion be extended to most equations of class (1). 
It will be assumed that the following boundary 
conditions are specified: (a) the value of y 
over R (x, y) at t = 0; and (b) the value of y 
at the boundaries of R (x, y) foro <t <r. 
It will be shown that there exists no more than 
one admissible solution which satisfies these 
boundary conditions. In other words, the 
boundary conditions are sufficient to establish 
uniqueness. 

The proof is straightforward. Assume two 
solutions y and yw” which are admissible. 
Define a function O=y'-y". Then @ is 
zero over R (x, y) at t=o, and also is zero at 
the boundaries of R (x, y) foro <t < 7. 
Substituting y’ and y” in (6): 


Adami ais Ay ) (7) 
Ap's= — J (y", Ay’) 


‘ Note that (5) is not equivalent to requiring that 
y (x,y, t) be analytic, since the functions D, (x, y) are not 
necessarily analytic. A simple example of a non-analytic 
solution which satisfies the above conditions follows. 
Consider the linear equation Y,+y,+Yy,=0, where y 


is to be determined in the tegino <#<1,0<y<t. 
One solution is given by equation (s) where: =" 
(n!)-I (x — y)3/2 exp [(x+y)/2]. Note that the second 
and all higher space-derivatives of y are not defined along 
the line x=y, which bisects the region R(x, y). The 
solution is clearly not analytic throughout the region, 
yet it is “admissible” according to the above definition. 
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Or, subtracting: 
AO.= - J (y’, Av’) +I (y", Ay’) (8) 


The right hand side of (8) is identically zero 
over R (x, at t=o. In addition, 0,=0 
at the boundary of R (x, y) at t = o. There- 
fore, from a well known theorem concerning 
Laplace’s Equation, it follows that ©,= 0 over 
the entire region R (x, y) at t=o. In addition 
differentiation of ©, with respect to x and y 
leads to the requirement: 


Ay) 


A(p"yntx Over R (x, y) att=o 
ax MO ME 2x ym dt 


o<m<n (9) 
OST 


Equations (7) can now be differentiated with 
respect to time, and the difference again taken. 
This leads to the relationship: 


AOn= — J(y Ap)-J(y', Av’) + 
+ J(w"» Ay”) +J(y", Av") Ge 


However, from (9) the right hand side of this 
equation is again identically zero over R (x, y) 
at t=o, and in addition ©, = o at the bound- 
ary of R(x, y). Therefore, O,=o over the 
region R (x, y) at t=o. 

Repeating the above process, it can be shown 
that d°@/dt?=0 over R (x, y) at t=o, for all 
integral values of p. However, from (5) y’ 
and y” can be expanded in a Maclaurin Series 
in time. Thus, for any point X, Y, T within 
R (x, y) where o < T <r: 


O(X, FT} SORT, 0) + TO, (X, Y, 0) + 
T2 
+ Ou (x, Yo) (11) 


All terms on the right hand side of (11) have 
been shown to be zero. Hence @ (X, Y, T)=o 
and y’ is identically equal to y” within the 
region and time limits considered. If a solution 
exists which meets the specified conditions, 
this solution must be unique. 


4. Meteorological Implications of the Unique- 
ness Theorem | 


The implications of this uniqueness proof 
are of particular meteorological interest. In 
considering the problem of numerical inte- 
gration of the equations for large scale atmos- 
pheric motions, CHARNEY ET AL. (1950) discussed 
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the vorticity equation and on the basis of a 
heuristic argument concluded that the vorticity 
Ay must be specified on those portions of 
the boundary along which the fluid was 
moving into the region under consideration 
(the socalled “inflow” boundaries). This 
argument has generally been accepted in 
subsequent literature dealing with problems 
or large scale atmospheric motions. In fact, 
some authors refer to this heuristic argument 
as a “proof’’— presumably of the sufficiency 
and necessity of specifying the vorticity along 
the inflow boundaries. Yet it is clear from the 
discussion in the previous section that if a 
well-behaved solution exists, which is admis- 
sible according to the definition of Section 2, 
this solution will in general be excluded by 
specifying the vorticity on the inflow bounda- 
ries. In other words, the system will be over- 
specified. 

This dilemma can be avoided in one of 
two ways. First, the boundary conditions can 
be reduced by assuming only the value of 
the stream function y on the boundaries of 
the region R (x, y) att > o. If a solution exists 
over a region Oo < ft < r which is admissible 
according to the definition of Section 2, this 
solution will then be unique. Alternatively, 
the definition of admissible solution can be 
relaxed in some specified manner - forexample, 
the first two limitations of Section 2 could be 
retained, but (5) could be relaxed and the 
solution could be required to satisfy some 
less restrictive continuity requirement. A 
solution of the differential equation may then 
exist which satisfies not only the assumed 
values of y at the boundaries of R (x, y), 
but also the assumed values of Ay at inflow 
boundaries. 

These alternatives can be illustrated by con- 
sidering the simple non-linear differential 
equation: 

(12) 


This equation can be written in the form du/dt 
=o, and in this sense is analogous to the vor- 
ticity equation d (Ay)/dt=o. In this one di- 
mensional problem, we will assume that u is 
specified along a segment of the x-axis, R (x), 
at t=o. The value of u is to be determined 
within R (x) foro <t <r. 

Let us first consider a solution which is well- 
behaved, according to the definition of Sec- 
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tion 2. It is not difficult to show by an obvious 
extension of the method of the previous sec- 
tion that if solutions are sought for which u,u,, 
and u, are single-valued and continuous, and 
for which u can be expanded as a power series 
in time, no additional boundary conditions 
should be specified. In particular, neither u nor 
its time variation should be specified along 
the inflow extremity of R (x). Let us present a 
specific example. Let u=1.0+0.5 cos x at f=0 
for - 2/2 <u <+n/2. The unique admissible 
solution, applying the definition of Section 2, 
is: u=1.0+0.5 cos (x-ut), and u and its de- 
rivatives are finite, single-valued, and contin- 
uous within the segment R (x) for o< f <.9x. 
At t = .97 a “shock” enters the region. Be- 
yond the shock line the solution is not 
admissible, since in such regions the depend- 
ent variable u becomes multi-valued. This in- 
admissibility corresponds to a lack of phys- 
ical reality, since fluid velocity cannot have 
two or more values at a single point. This 
solution is shown in Figure 2 a. The straight 
lines are characteristics, of slope 1/u, along 
which the velocity u is conserved. 

Les us now consider solutions of (12) which 
can be obtained by specifying additional 
boundary conditions, and by relaxing in an 
appropriate manner the definition of an 
admissible solution. First, let us require a 
solution for which u, u,, and u, are defined 
and single valued in the region R(x). Note 
that the restriction corresponding to (5) has 
been eliminated; however, the differential 
equation is valid everywhere in the region 
and an internal “matching” of dynamic or 
kinematic boundary conditions can be avoided. 
With this less restrictive definition of ad- 
missible solution, additional boundary condi- 
tions must be specified for uniqueness to exist. 
One possibility is to define at inflow bound- 
aries for t > o. However, this must be done 
in a very particular manner: such that u, and u, 
are always defined at the characteristic passing 
through the lefthand extremity of R(x). In 
the particular example considered previously, 
this would require that: 


_ 0.5 u sin (x —ut) 
" 1-o.s ¢ sin (x —ut) 
(13) 


__ = 0.5 sin (x—ut) 
_1-0.5 f sin (x —ut) 


Ug 


FE 


0 
(a) 


0 
(b) 
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Fig. 2. Characteristic lines for three solutions of u,+uu, = 0, when u(0, t)=1.0+0.5 cos x for —x/2 < x < + x/2. 
Value of u at inflow boundary obtained: (a) from analytical extension; (b) by setting u,=0; (c) by setting u,=1. 


along the characteristic x=x,+uf, where x, 
and u, are the values of x and u at the left- 
hand extremity of R (x). Finding a distribution 
of u at the inflow boundary which satisfies 
(13)-and which differs from the result of 
Figure 2 a - is not difficult. One simple example 
is obtained by adding a function (x — x9 - Hot)", 
n>, to the previous analytical solution, 
and by evaluating the result at x=o to obtain 
u (0, t). However, the particular function 
selected for an additional boundary condition 
is not at issue. The major points to be made 
are: (1) if the differential equation is to be 
valid everywhere in the region over an 
appreciable time interval, the choice of 
the dependent variable at the inflow boundary 
is limited in a rigid manner, and (2) it is 
virtually impossible to meet these limitations 
a priori if the analytical solution is unknown. 

The choice of u at the inflow boundary 
becomes simple a priori only when the defini- 
tion of “admissible solution” is further relaxed 
so that u, and u. may be undefined at some 
internal boundary. In this case one has con- 
siderable freedom in specifying u at the in- 
flow extremity. An obvious choice is to let 
u, be zero at the inflow boundary for allt> o. 
Such a solution to the previous example has 
been presented in Figure 2 b. Note that u, 
and ı, are discontinuous along the character- 


istic passing through x=—x/2, t=o, which 
has been entered as a heavy line. The differen- 
tial equation is, of course, not satisfied along 
this characteristic. The solution in Sub-Region 
I (restricted to the fluid within the segment 
R (x) at t=o) is, as before, u=1.0+0.5 cos 
(x -ut); the solution in Sub-Region II (fluid 
which entered the segment at £ > o) is u=1. 
These two solutions are matched kinematically 
at the characteristic line passing through the 
inflow extremity. Note that in this case no 
shock phenomenon occurs. 

The importance of the choice of u, on the 
boundary is indicated in Figure 2 c. In this 
case it was assumed that u, was a non-zero 
constant at x=— z/2: namely, #,=1. A shock 
forms rather quickly, as indicated. Before 
the shock forms (as t less than about 7/2) the 
solution may again be divided into two sub- 
regions separated by the characteristic passing 
through the inflow extremity. At t > 2/2, the 
kinematic boundary condition can no longer 
be satisfied at the surface of discontinuity 
and the dependent variable # becomes multi- 
valued at that point. 

The implications of the above discussion 
with regard to the vorticity equation are evi- 
dent. The alternatives are: (x) to specify only 
the streamfunction on the boundary of R (x, y) 
at f > 0, to assume a solution exists according 


Tellus X (1958), 3 


NUMERICAL INTEGRATION OF THE VORTICITY EQUATION 


to the definition of admissibility of Section 2, 
and to attempt to obtain this unique solution 
by some acceptable procedure; or (2) to 
specify in addition the value of the vorticity 
at the inflow boundary, and to relax the 
definition of admissibility. The latter alterna- 
tive will in general mean that derivatives of 
the vorticity will not exist along an internal 
surface: namely, the boundary between the 
fluid originally within the region at t=o, 
and the fluid which moves into the region at 
a subsequent time. This discontinuity will 
propagate into the region, and at a later 
instant will define the boundary of two 
sub-regions. To solve the system analytically, 
solutions of the vorticity equation should be 
obtained separately for each sub-region, and 
the solutions should be matched along the 
material boundary so that the kinematic and 
dynamic boundary conditions are satisfied. 
In this process, the equation f (x, y,t) = o of the 
material boundary on which the discontinuities 
occur must be determined. The associated 
analytical problem - or its numerical analogue 
—is formidable. 

These questions can be avoided by accepting 
the definition of an “admissible solution” 
presented in Section 2. Fortunately, this poses 
no difficulties in meteorological problems, for 
the dependent variable and its derivatives are 
not subject to control at £ > 0, and can only 
be estimated for use as boundary conditions 
by subjective means at best. Certainly if the 
techniques of solving large scale meteorologi- 
cal equations were analytical rather than nu- 
merical, there would be nothing to gain and 
much to lose by arbitrarily introducing internal 
discontinuities. Unique solutions could be 
obtained by specifying the streamfunction at 
all boundaries; the vorticity would not be 
specified either at inflow or outflow boundaries 
for tf > o. Whether these conclusions need be 
modified when numerical methods are applied 
will be considered in the following sections. 


5. Boundary Conditions for Numerical Inte- 
gration 
When differential equations are translated 
into difference equations, and solutions are 
attempted by numerical means, it is found 
that a variety of methods of integration can be 
devised —each of which will yield a specific 
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can be adapted to all sorts of different boundary 
conditions. Thus, in the case of the vorticity 
equation, methods of integration can readily 
be developed for which the vorticity is specified 
at all boundaries at t > 0, at only the inflow 
boundary, or at no boundary at all. In the 
sense that each of these procedures leads to a 
particular answer, the methods can easily be 
made unique. 

For this reason, the concept of necessary and 
sufficient boundary conditions for the exist- 
ence and/or uniqueness of an admissible solu- 
tion has meaning in the numerical problem 
only in terms of the differential equation we 
are attempting to solve by approximate 
methods. We can therefore arbitrarily define 
“overspecification” of a system of difference 
equations as a statement of boundary condi- 
tions which would constitute overspecification 
in the continuum, as the grid spacing approach- 
es zero. Similarly, “necessary” or “sufficient” 
conditions can also be defined in terms of 
the associated differential equation. This ter- 
minology will be followed below. 

One additional fact must be pointed out. 
Since numerical methods are an attempt to 
obtain approximate solutions to a differential 
equation, the integration procedures devised 
must not be in conflict with theory applicable 
to the continuum. This is of importance in 
the present discussion in connection with the 
occurrence of discontinuity surfaces propagat- 
ing into the region R (x, y). We have already 
seen that in solving the differential equation 
under such circumstances, solutions must be 
obtained separately in each sub-region and 
matched at the moving surface of discontinuity. 
If numerical methods are applied under similar 
conditions, an equivalent procedure should 
in principle be followed. This would, of course, 
be extremely difficult to do - especially since 
the discontinuity is a Lagrangian surface mov- 
ing in a finite Eulerian grid. 

In practice, the discontinuity introduced by 
specifying vorticity on the inflow boundary 
has been ignored. The discontinuity cannot 
be detected with a finite grid, and application 
of a differencing procedure across the discon- 
tinuity results in an arbitrary “smearing. 
Although such a process can possibly be 
rationalized on purely pragmatic grounds, 
little theoretical justification exists. When we 
integrate numerically across discontinuities 
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along which the differential equation (and 
hence the difference equation) is not valid, 
we have no way of knowing what errors are 
introduced. If numerical methods are to 
achieve an adequate scientific basis, such ar- 
bitrary procedures must be carefully avoided. 

In the numerical integration of the vorticity 
equation, therefore, it is extremely desirable 
to develop a method which will not require 
the specification of vorticity on either the 
inflow or the outflow boundaries at t > o. 
Another problem must be faced, however. 
To be useful, such a method must be simple 
to apply; must not accumulate errors too 
rapidly; and must remain numerically stable. 

The latter two requirements have so far 
proved to be a substantial stumbling block. 
According to PLATZMAN (1954) two methods 
of estimating vorticity at the outflow boundary 
were used by the research group at the Insti- 
tute for Advanced Study at Princeton. The 
first method involved setting the vorticity 
at an outflow point equal to the vorticity at 
the first interior grid point; the second in- 
volved a linear extrapolation from two interior 
grid points. These methods were used only at 
the outflow boundaries, the vorticity on the 
inflow boundaries being specified in accordance 
with the conclusions of CHARNEY ET AL. (1950). 
Nevertheless, a rapid accumulation of errors 
occurred near the outflow boundary, and (in 
some cases at least) numerical instability re- 
sulted. 

An analysis of this behavior must involve an 
investigation of truncation error and stability 
criteria in non-linear systems. This is beyond 
the scope of the present paper. However, it is 
certainly not proper on the basis of these 
experiences to take the negative point of 
view that overspecification is necessary if in- 
stability is to be avoided. Certainly, some 
numerical methods may exist which do not 
overspecify and which are not unstable. One 
(a Lagrangian approach) is discussed in Section 
7; a second possible procedure (in Eulerian 
form) is presented in Section 8. Neither of 
these procedures may at present be feasible 
for operational forecasting. Each will have 
value as a research procedure. 


6. A Numerical Example 


In order to provide a partial check on the 
effect of non-linearity on stability and trunca- 
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tion error, a numerical solution of a first 
order equation (u,+uu,=0) was undertaken. 
The investigation of PLATZMAN (1954) on 
the linear form of this equation (u,+ku,=0 
where k is constant) made the attempt partic- 
ularly interesting. Platzman found that com- 
plete overspecification (i.e. assigning the value 
of u at both inflow and outflow extremities 
of the segment R (x)) assured numerical sta- 
bility, while either of two methods of com- 
puting the value of u at the outflow extremity 
resulted in numerical instability. It is impor- 
tant to determine whether these surprising 
conclusions are applicable to the non-linear 
model. 

The non-linear equation (u. +uu,=0) assures 
the formation of shock phenomena somewhere 
in the x—t plane if u, is not everywhere posi- 
tive. An example was therefore chosen for 
which the analytical solution showed all 
shocks occurred downstream from the seg- 
ment R (x) considered. Numerical integrations 
are therefore unaffected by multiple-valued 
solutions of the differential equation. 

The solution chosen was: 


(14) 


The distribution of u at t=o was in the form 
of an error function. The initial values were 
computed on the x-axis at unit intervals for 
-12 <x <12; the time increment was set 
equal to unity. At f=0, u was 0.1 at each 


u=!/, exp [(x—ut)? In 0.2/144]. 


200 


100 


Fig. 3. Graphical solution of u,+uu,=0. Straight lines 


are characteristics along which u is conserved. The distri- 
bution of # at f=o is an error function with maximum 
at x=0. 
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extremity and 0.5 at the origin. The charac- 
teristic solution of (14) is shown in Figure 3. 


Numerical integrations were performed 
using five different procedures: 


(1) u was held constant at both inflow and 
outflow boundaries. 

(2) u was held constant at the inflow boundary, 
and was computed at the outflow bound- 
ary using a quadratic extrapolation from 
two interior points. (This is a “first order” 
procedure as defined below.) 

(3) # was computed at both inflow and out- 
flow boundaries using a quadratic extra- 
polation from two interior points. (A “first 
order” procedure.) 

(4) u was computed at both boundaries during 
the integration, using values of #, on the 
boundaries obtained from interior values 
of u. (A “second order” approximation, 
discussed below.) 

(5) u was computed at both boundaries using 
a somewhat different “second order” pro- 
cedure, described below. 


At the inflow boundary in Method 2, and at 
both boundaries in Method 3, the following 
equations were used: 


U2 =2 Ua — U1o + O (a?) 
U_19 =2 %_11-%-10 + © (a?) (15) 
where « is the increment in x, and O(x?) 
indicates that terms involving «® and higher 
have been dropped from the appropriate 
Taylor Expansions. Note that although (15) 
is accurate to «2, this is a first order procedure 
since u, is the quantity actually used in the 
numerical integration, and the corresponding 
values of u, at first interior points are: 


Yu 
(4x) 11 ne (A) 


(16) 


Wo) +0) 


32% 


Methods 4 and s involve second order 
approximations for u,. The respective rela- 
tionships near the outflow boundary are: 


Method 4: (#3) 19 ar ae in), O(a?) 


20 de 
Method 5: (u3)11=2(4x) 10 — (x) + O(a?) 


The first expression can be derived from Taylor 
Expansions about x = 12. Similar expressions 
are used near the inflow boundary. 
Integrations were carried out for 20 time 
steps, and for f = 1, 5, ro and 20 the root- 
mean-square difference between each numeri- 
cal solution and the analytical solution was 
evaluated and expressed as a percentage of 
the average value of u. The results are pre- 
sented in Table I. In general, there is not too 
much difference between Methods 2, 3 and 4. 
However, one second order procedure (Meth- 
od 5) shows signs of accumulating errors 
near the boundaries. The strongly overspeci- 
fied procedure (Method 1) is definitely in- 
ferior to all others, with an average error of 
35% at the end of 20 iterations. Strong 
corrugations appear near the outflow bound- 
ary, and the maximum value of u has in- 
creased from 0.50 to 0.85 (clearly an error, 
since the value of # should be conserved). 
At this stage it appeared that a moderate 
extension of the computation would result 
in the onset of numerical instability in Method 
1, although if Platzman’s conclusions were 
applicable to the non-linear system this should 
have been the only stable method of the group. 
To see whether instability would develop, 
the numerical integrations were extended to 
200 iterations for Methods 1, 2, 3 and 4. The 
second order procedure (Method 4) became 
unstable after about 110 iterations. Interestingly 
enough, the other three methods remained 
stable, although in Method 1 the maximum 
value of u exceeded unity for 21 consecutive 
iterations (from t = 22 through t = 42). The 


Table 1. Root-Mean-Square Errors for five methods of numerical integration, expressed as percentage of 
mean value of dependent variable 


Method of Numerical Integration 


À De 2 
I 0.3 0-4 
5 ns 0.8 

Io 3:3 1.5 

20 34-9 3°7 
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Fig. 4. Average root-mean-square errors of four methods 
of numerical integration of the equation u,+uu,=o, 


expressed as percent of average value of dependent 
variable u. Time scale is normalized: t equals number of 
iterations. 


root-mean-square errors for each method are 
shown in Figure 4: (a) for the entire set of 
25 points; and (b) for those points occupied 
by fluid originally within the region R (x). 
The latter graph is terminated at f = 120, 
since beyond this most of the original fluid has 
left the Eulerian region. Method 3 remains 
amazingly accurate, while Method 2 has 
greater limitations. As a result of numerical 
“smoothing” across a surface that is an in- 
ternal discontinuity in the continuum, Method 
2 is slightly less accurate than Method 3 even 
for the portions of the x—t plane where the 
analytical solutions are identical. This is 
shown in Figure 4 (b). On the other hand, 
Method ı is so inaccurate as to be virtually 
useless after about 20 iterations. By t=8o, 
corrugations of wave length two extend 
throughout the entire set of 25 points. Method 
4 starts out well, but is unstable and becomes 
virtually useless after about 55 iterations. 
Obviously, not too many conclusions 
should be drawn on the basis of a single 
example. Nevertheless, several points are 
evident. First, the stability criteria developed 
by PLATZMAN (1954) for a linear system 
cannot be applied to a non-linear system. 
The method of integration which showed 
earliest signs of instability was the one which 
(according to linear theory) should have been 


f (a, b 
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the only stable procedure. Furthermore, the 
best method was one which (according to 
linear theory) should have been unstable. 
Second, increased stability cannot be assured 
by higher order difference approximation near 
the boundaries. This is not too surprising, 
since after a large number of iterations the 
truncation error may be extremely large 
compared to the differencing error. Third, 
using a first order approximation the depend- 
ent variable was successfully computed at 
both inflow and outflow points, and this 
method was definitely superior to the one 
which involved overspecification at the in- 
flow boundary. 

These results may not, of course, be appli- 
cable to third order differential equations in 
two dimensions. Nevertheless, when con- 
sidered in connection with the theoretical 
results of earlier sections, they indicate a 
careful re-evaluation of current practices is in 
order. 


7. A Lagrangian Method of Integration 


The discussion of sufficient boundary condi- 
tions would not be complete without mention 
of a Lagrangian solution. The difficulties in 
the Eulerian methods arise from the propaga- 
tion into the region R (x, y) of a material 
surface, separating the fluid within the region 
at t =o from the fluid which enters at a 
later time. These difficulties can, of course, 
be avoided by conducting the numerical inte- 
gration in terms of a Lagrangian grid. In 
the case of the vorticity equation, this approach 
completely removes one question of over- 
specification, since the vorticity is known 
throughout the Lagrangian region at all time. 

In terms of three dependent variables (x, y, 
and y) the vorticity equation of a perfect 
fluid becomes: 


xe=] (y, x) 
Y:=J (y, y) 
=J (x, x) +J (ys ?) 


= Yaa (Xu? + Yo?) +2 Pav (XaX + Yayı) 


7 


(18) 


+ Pop (x22 + Ya?) — Ya (XXE — XX ab 
+ YaŸbb — V6 ab) — Wo (peas — XaXab 


ae Yb)aa = Yayab) 
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Here J is the Jacobian in terms of the inde- 
pendent variables (a, b)- where (a, b) are the 
values of (x, y) at t=0. Use has been made 
of the Lagrangian equation of continuity: 
J (x, y)=1. The function f (a, b) is the known 
distribution of vorticity at the initial time. 
It is important to note that the third equation 
is always elliptic, with constant characteris- 
tic slopes + 2i. Thus, if the streamfunction 
is specified at the boundary points at all time, 
and if the coefficients remain finite, a unique 
single-valued solution exists in the interior. 

Equations (18) can be re-written in differ- 
ence form for numerical integration without 
difficulty. The procedure for integration is as 
follows: 


(r) Values of x, and y, are computed every- 
where in the interior at f = fp. 

(2) From this, values of x and y are computed 
at each interior grid point (a, b) att,=f+Y, 
where y is the time increment. Values o 
x and y are computed at boundary points 
using an equation of the form (15). 

(3) The coefficients of the third equation of 
(18) are evaluated at f, using centered 
differences in the (a, b) grid. 

(4) The elliptic equation is solved for the 
streamfunction at all points. 

(s) The above procedure is repeated. 


In addition to theoretical advantages, such a 
numerical solution will yield particle trajec- 
tories, since the position (x, y) of a particle 
(a, b) is explicitly evaluated as a function of 
time. Difficulties include the increased storage 
to carry the values of three dependent variables, 
possible increase in truncation error, and prob- 
lems in converting to an Eulerian system for 
purposes of plotting weather charts. However, 
with continued improvements in high speed 
computers, at least some of these difficulties 
are becoming less serious. Until Eulerian inte- 
grations can be conducted on a hemispheric 
scale, the Lagrangian system offers many 
unique advantages. 


8. The First Time Step in Numerical Integration 


One additional problem will now be 
considered: the errors introduced in inte- 
grating from t=o0 to t=y (where y is the time 
increment in the integration). The conven- 
tional method employs a forward (uncentered) 
difference for the first step. This introduces an 
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error of the order of y? in y, whereas all 
subsequent steps in centered time difference 
form introduce errors of the order y. For: 


YP) = yO + y (y) + O (y?) 
YET? = pe + 2 y (pi) + O (75) 


One immediate consequence of this in- 
creased error can be noted. In the vorticity 
equation in Eulerian form: 

(20) 


Ayr= —] (y, Ay) 


the Jacobian is zero at maxima and minima 
of the streamfunction field (i.e. at centers of 
cyclones and anticyclones). If a forward time 
difference is employed, the vorticity at these 
important points cannot change in the first 
time step, although in actuality a significant 
variation may occur. This difficulty would be 
avoided by a higher order approximation, 
since even though Ay. were zero, the vortic- 
ity could pass smoothly through a maximum 
or minimum at f=0. 

Various methods have been suggested for 
avoiding the increased error of a forward 
difference in the first time step, but none have 
been generally accepted because of their 
difficulty of application. The method suggested 
below, however, is very simple to apply and 
requires a minimum of additional program- 
ming. 

Let us differentiate the vorticity equation 
with respect to time. Then: 

(21) 


Ayı= + J (y, Ay)—-J (y, Ay): 


A program of computation can now be 
devised which only makes use of centered 
differences and higher order Taylor Expan- 
sions: 


19) 


(1) From (20) compute Ay at each interior 
grid point at t=o. 

(2) Given (as boundary conditions) y on 
the boundary of R (x, y), compute y, at 
each grid point. 

(3) From (21) compute Ay., at each interior 
grid point at t=o. In this step it will be 
necessary to evaluate first space derivatives 
of Ay: at first interior grid points using a 
method analogous to (16). 

(4) Given (as boundary conditions) ys. on 
the boundary of R (x, y), compute pr: at 
each grid point. 


021 


(s) Using the values of y: and pi: from steps 
(2) and (4) compute y at f=y using a 
Taylor Series expansion: 

2 


| y 
pi ne we; 4 (wi) à 2! (Yu) + @(y°) 


(22) 

Note that this method results in the same 
accuracy in the first time step as in each 
succeeding step. The procedure will be simple 
to program, since steps (1) and (2) are used 
throughout the entire computation, and the 
relaxation (or matrix inversion) in step (4) is 
identical in procedure to that in step (2). 
The method can be generalized easily to any 
equation in which only first time derivatives 
appear. 

In order to check the improvement resulting 
from the application of this method, the 
simplified equation (u;+uu,=0) was again 
considered. Six examples were considered, 
with u chosen as sine waves of various wave 
lengths and amplitudes at t=o. An interval 
of 27 on the x-axis was selected, in order that 
cyclic continuity would be preserved and no 
errors would be introduced at the boundaries 
of the segment. Numerical integrations were 
carried through ten time steps, using two 
methods. Method (a) used forward difference 
at t=0; Method (b) solved numerically the 
equations: 


Ur = — ww, 


(23) 


in centered difference form at t=o, and used a 
Taylor expansion similar to (22). At all later 
time steps, identical procedures were em- 
ployed for both methods. Differences between 
the results could therefore be attributed en- 
tirely to the first step. 

After 1, 2, 5 and 10 iterations, the root- 
mean-square error was computed for each 
method, using the analytical solution as a 
standard. The average results, normalized in 
terms of the error in the first time step for 
Method (b), are shown in Figure 5. The error 
in Method (b) increased regularly with time. 
The error in the first time step of Method (a) 
was about five times as great as in Method (b). 
Some recovery occurred at the second itera- 
tion, but beyond that the error curves be- 
came parallel, and the difference between the 
two curves remained essentially constant 
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Fig. 5. Average root-mean-square errors of two methods 
of numerical integration of the equation u,+uu,=O0. 


Method b is identical to Method a, except that a higher 
order forward difference is used at f=o. 


through the tenth iteration. At t = sy, the 
average error in Method (a) was about 30 % 
greater; at £= 10y, it was about 15% 
greater. In view of the small additional effort 
required to achieve this increase in accuracy, 
it is believed the method is worthy of routine 
application. 

One final possibility suggests itself. Equations 
(20) and (21) can be used at any stage of the 
integration to the same order of accuracy as 
the centered difference form. This may not be 
operationally profitable, since two relaxations 
or matrix inversions are required at every 
time step. However, there are certain advan- 
tages which make this method of interest for 
research purposes. Thus, as (23) shows for 
the simplified equation, a certain “smoothing” 
is introduced by terms of the form 1?u,, in 
the expression for the higher order time deri- 
vative. This should make the numerical inte- 
gration more stable, while not causing the 
result to change appreciably from the analytical 
solution (which identically satisfies both 
equations in (23)). 

This idea was tested using the numerical 
example of Section 6. Equations (23) were 
integrated through 200 iterations, using the 
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Table 2. Root-Mean-Square Errors for two methods of numerical integration, expressed as a percentage 
of mean value of dependent variable 


Entire Region 


Original Fluid 


t Method 3 Method b Method 3 Method b 
20 3.0 2.0 2.8 0.6 

40 2 1.3 1.9 0.2 

60 2 2:0 1.8 0.2 

80 4-0 2.6 2.8 0.2 
120 10.3 3.9 9.6 0.2 
160 23-9 5.0 20.2 0.2 
200 28.4 6.1 21-5 0.3 


Method (b) discussed above at each time step. 
The root-mean-square errors are compared in 
Table II with Method 3 of Section 6, which 
was by far the best procedure previously 
tested over this extended period. It is interesting 
to note that Method (b) was definitely supe- 
rior, both in the region occupied by the orig- 
inal fluid and over the entire set of 25 grid 
points. 

In addition, absolutely no sign of instability 
appeared in Method (b), even after 200 itera- 
tions. Careful examination of the results show 
that centered difference estimates of u,, us, 
Hy, and ue, remain consistent in sign from 
one grid point to the next (except at appro- 
priate maxima and inflection points). On the 
other hand the results of Method 3 show 
oscillations in sign of uy, after the second 
iteration; in u,, after 16 iterations; in u, after 
17 iterations; and in u, after 27 iterations. 
These oscillations persist, although they do 
not grow to substantial magnitude. The re- 
sults seem to indicate clearly that the new 


method may have research value in numerical 
integrations for which stability is difficult to 
achieve. 


It is important to emphasize that this method 
is equally applicable to the full vorticity 
equation. If the results of the non-linear first- 
order equation are any guide, it should be 
possible to use this method to integrate the 
vorticity equation for an Eulerian grid, 
without overspecification. Such an integration 
— and comparison of the results with the 
overspecified system — will throw more light 
on the effect of the current practice of assuming 
vorticity on the boundary of a fixed region. 
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Abstract 


It is shown that if the boundary conditions to solve the vorticity and balance equations are 
prescribed independently, tben the primitive equations of motion are not satisfied. 

Given the wind field of a symmetrical vortex embedded in a resting atmosphere, analytical 
expressions for the pressure and wind tendency are derived. A numerical example is worked 
out and the results are used to obtain information regarding the effect of the boundary condi- 
tions and of the variation of the Coriolis parameter in a forecast with a barotropic model. 


The barotropic non-divergent flow is defined 
by the following equations: 


dv _ dag 

ot he = (1) 
du 29 Oo 

d fo= we (2) 
ou ov 

oe ay (3) 


where d/dt=0/dt + ud/dx + vd/dy, u and v 
are the components along the x- and y-axes, 
respectively of the horizontal wind, the x-axis 
points to the east and the y-axis to the north, 
f is the Coriolis parameter; and ¢ = p/o, 
where o is the density and p the pressure. 
Let u= —dy/dy and v=dy/dx, then (3) is 


1 This research was started at the International Meteoro- 
logical Institute in Stockholm, while the author was 
there. Part of the material is based on an unpublished 
manuscript, in which the late Prof. C.-G. Rossby was 
co-author. 


automatically satisfied and we only have to 
deal with equations (1) and (2). 

By differentiating (1) with respect to x and 
(2) with respect to y and subtracting we 
obtain the well-known vorticity equation that 
contains only the stream function as dependent 
variable: 

oy 


2 oy 
en Ve Du al (4) 


Differentiating (1) with respect to y and (2) 
with respect to x and adding we get 


2[Yxy? ka Pr] SI VD ZUR Vf+ V?h = (5) 
5 


which gives a relation between wind and 
pressure. (The pressure field is given by do, 
where o is constant; we shall, however, refer 
to ¢ as the pressure.) This equation has been 
used by Born (1955, 1956) and CHARNEY 
(1955) in an attempt to improve numerical 
forecasting by removing the geostrophic 
assumption. 
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Given the pressure field $ in a region A 
enclosed in a boundary C where we prescribe y, 
if we assume, for the sake of simplicity, that 
equation (5) is of the elliptic type, we can 
obtain the stream function y by solving this 
equation (BOLIN, 1956, p. 2). 

When one substitutes in the primitive 
equations of motion the given pressure field 
and the y computed using (5), they determine, 
except for an arbitrary constant, a unique 
solution for dy/dt in the whole region A and 
its boundary C. 


It follows therefore that we cannot choose 
arbitrary boundary conditions to solve the 
vorticity equation, because when solving it to 
determine ?y/dt we must obtain the same 
solution as by solving the primitive equations. 
In other words, by prescribing ¢ in A and y 
and dy/dt in C arbitrarily independent to 
solve (4) and (5) we obtain a solution that 
does not necessarily satisfy the primitive 
equations. 

Similarly, if we prescribe in the region A 
the stream function, we cannot prescribe 
both the tendency and the pressure at the 
boundary in order to solve equations (4) 
and (5). 

The above consideration shows that the 
problems of finding the pressure-wind relation 
and formulating the best boundary conditions 
are closely connected; and that these two 
problems in numerical forecasting are not 
independent and need to be investigated from 
a unified viewpoint. 

In the present stage of numerical forecasting, 
the arbitrariness of the boundary conditions 
cannot be avoided, and the following questions 
can be formulated in connection with the 
above considerations: 

1. In what type of problems is it essential 
to use consistent boundary conditions to solve 
(4) and (5s)? 

2. How can one choose the boundary 
conditions to solve equations (4) and (5) in 
order that the solution be also the solution of 
the primitive equations of motion? 

The answers to these two questions are not 
given here, but they will be the subject of 
further research. 

In the remaining part of this paper we shall 
deal with one example in which an analytical 
solution to equations (4) and (5) can be found 
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which, because of its simplicity, lends itself to 
comparative studies and discussions. 

We introduce a polar coordinate system 
(r, ©) and prescribe at t=o the stream field y 
as a function of rat r <r) and p=o at r>0. 
We assume that y and its three first derivatives 
are continuous differentiable functions. This 
stream function represents a vortex. 

Assuming f = fy + By where fo and ß are 
constants, we can compute the tendency field 
and the pressure field from the Poisson 
equations (4) and (5) (ADEM, 1956, p. 365). We 


get: 
0 x : 
(à) - EE [or +xC, (6) 
re) 


r d A 8 r 
b= fox [2(2) dr? He 


where C,, C, and C, are arbitrary constants 
to be determined from the boundary condi- 
tions. We have retained only the arbitrary 
harmonic solutions pertinent to our discussion, 
and all others are zero. If we prescribe that 
the normal velocity is zero at the boundary 
r = Ro, then (y/At),-o= 0 at r = Ro, and we 
get 


Ro 


Cum ford 
0 


oO 


On the other hand substituting (6) and (7) in 
(1) and (2) we see that our solution satisfies 
the primitive equations if C, = — C,. There- 
fore the specification of dy/dt at r=R is 
enough to determine the arbitrary constant 
C, in (7). In other words, as stated above, one 
cannot prescribe both the pressure and the 
tendency at the boundary. If one prescribes 
the boundary conditions to solve the vorticity 
equation (4) one has no freedom to choose 
boundary conditions for the balance equation 
(5) and vice-versa. Finally the arbitrary con- 
stant C, is irrelevant and can be taken as zero. 

Substituting the values of the arbitrary 
constants in (7) we obtain 


vrdr (8) 


This formula gives the pressure field of a 
vortex of radius r = R, enclosed in a concen- 
tric circular region of radius r = Rp. We have 
only assumed that the normal velocity is 
zero at f= Ro. 

In this formula the term 


r 


ı/dy\? 
oe 


(eo) 


is due to the centripetal acceleration of the 
vortex and corresponds to the term 2 (PxxPyy 
—Yxy?) in equation (5). 

The term 


I r 
B sin om - 2 [vd - af ve 


fe} 


corresponds to the variation of the Coriolis 
parameter. 

It is interesting to note that at r = r, where 
y = o (wind field zero) a pressure field, due 
entirely to the variation of the Coriolis param- 
eter, exists and is given by 


ro 


p= -Bsin o> +2] f wre 
0 


fe) 


From the primitive equation (1) we can 
compute, by multiplying by o and integrating 
over a circle of radius r, the resultant net 
force on a horizontal slice of unit height and 
with an area equal to the circle of radius r: 


R=of dA - pen | prdr - 


ro 


- = i vr (9) 


fe) 
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In this integration, the contribution from 
integrating the term — fu is 


F= -ospfudA = only —2fyrdr] (10) 


while that from integrating - ¢/dy is 


p> ef [4a- 


a r « 2 LA 
= Bor} [ra — ry +R vrdr| (11) 
10} [0] 


This last term represents the resultant pressure 
force on the material line of radius r and 
could be obtained directly from (8) by inte- 
grating at such line. 

When r=n 


To 


(Rh=n= - Box| : © =| [ya (12) 


te) 


and if R > r, we get the relations 


showing that the net resultant force on the 
vortex is reduced by one half due to the 
pressure resultant. In a preliminary compu- 
tation, Rosssy (1948) neglected the resultant 
pressure force, but as pointed out by him 
afterwards (RossBy, 1949) and as shown by 
these computations the net force is decreased 
by one half if the resultant pressure force is 
included. 

The net resultant is directed northwards in 
the case of a cyclone and southwards in the 
case of an anticyclone. 

It is of interest to point out that the last 
term of the second member of (8), which 
represents the pressure field due to the bound- 
ary effect, tends to zero when the boundary 
Ry > co. However, as shown by (11), the 
integrated pressure resultant at r = Ry does 
not go to zero and accounts for the necessary 
balance of forces implied by the primitive 
equations. 

Let y = po [1-(r/ro)?]* when r<r, and 
y=o when r>fp. 
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This stream function represents a cyclone 
if Yo <o and an anticyclone if y, >. 

The maximum velocity vmax = (dp/dr) max 
is at (r/ro)? = 1/7 and y, is given as a function 
of the radius and of the maximum velocity by 


Wo = — 0.525 Fo (dp/dr) max 


Let us consider a cyclone with maximum 
WELOCILY 1... 30 m/s and ri 1,000 km. 
Pee =O. 2 jo! sect, 6 = (n7)Xx 10, 
cm sec-!. The results of the computation 
using this data to evaluate the different terms 
in expression (8) for the pressure field are 
shown in Table 1. Column I gives the values 
of foy for different values of r/r,. Columns II 
and III give the values of the terms due to the 
variation of the Coriolis parameter for sin@ =1. 
Column IV gives the values of the term due 
to the centripetal acceleration of the cyclone. 

To get the actual quantities from Table 1, 
one has to multiply the values of the table by 
(Yo) 1074 and the results will then be given in 
cm sec... 

For an anticyclone the sign of Columns I, 
II and III has to be changed, but the sign of 
IV remains unchanged, showing that for a 
cyclone the terms I and IV have to be added 


Table 1. Values of the different terms of the 
pressure field in a cyclone. 


The stream function is y = Wo [1 - (r/ro)?]*. 
Vmax = 30 m/s, fo = 1,000 km, fo = 0.9 x 
to * sec » and p = (1.7) x 10 cm sec ™. 


I | Il | III | IV 
if d 5 
di as y 
r/to Joy rBy mat ieee | =() d 
1.2 ed et a es ee ee ee 
o —.900 fe) o —.720 
2 —.764 | —-.029 o16 = AL 
4 —.448 | —-034 025 —= 212 
-6 —.I5I | —-017 025 HRP 
8 —.015 | —.002 021 —.006 
1.0 fo) o 017 oO 
1562 fe) o OI4 fo) 
1.4 fo) o 012 fe) 
1.6 fo) fo) OII fe) 
1.8 o o o10 o 
2.0 o fe) 009 o 
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and that for an anticyclone they have to be 
subtracted. This fact shows that a negligible 
pressure field can be associated with a strong 
wind field in the case of an anticyclone, and 
that given a cyclone and an anticyclone of 
the same wind intensity and at the same 
latitude, the pressure field associated with the 
cyclone is always stronger than the one 
corresponding to the anticyclone (in the 
northern hemisphere). 

It is of interest to see how the values in this 
table vary when one varies Vmax, fo, fo and B. 
Column I is proportional to fo, Columns II 
and III are proportional to ro and f, and 
Column IV is proportional to vmax/to- 

The following conclusions regarding the 
importance of the f-term in the balance 
equation (5) are worth mentioning: 

The B-term of equation (5) is locally small 
compared with the other terms. However, its 
integrated effect can be important. 

The B-term increases proportionally with 
the dimensions of the disturbances to be 
forecasted; and, therefore, if it is of signifi- 
cance, its effects should appear mainly in 
forecasting large scale motions. 

The tendency of the stream field is given by 


Cu 


t=0 


r ro 


Bx 
Ro 
{0} 


yrdr + wrdr (13) 


If R,>r., we see by comparison with (8) 
that except for a shift of 90° it is the same field 
as the term of the pressure field responsible 
for the pressure resultant on the vortex. The 
tendency outside the vortex for r < Ro is 
proportional to the net resultant force on the 
vortex, as is shown by comparison of (13) 
with (12). 

From the analytical expressions for the 
pressure and wind tendency given by equations 
(8) and (13) we see that the boundary effect 
is due entirely to the variation of the Coriolis 
parameter and that if we vary in our example 
the boundary r = Ry its effect is proportional 
to ı/R?. On the other side, for a fixed 
boundary r = R, the boundary influence at 
a given point is proportional to the distance 
between the point and the center of the vortex. 
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Abstract 


Statistical forecasting operators are derived on the basis of a simple two-parameter model 
of the atmosphere. In the course of this investigation, the predictability of pressure-height 
changes due to the various physical processes specified by this dynamical model is investigated. 
It is found that the contribution of the non-linear processes to the 12 and 24 hr predictability 


is small. 


I. Introduction 


In recent years, dynamical forecasting by 
the numerical integration of partial differen- 
tial equations describing the fluid motion in 
certain simplified models of the atmosphere 
has become a common practice. Among the 
many mathematical models which have been 
investigated is that expressed by the equations 
of thermotropic flow as derived by THOMPSON 
and GATES (1956). A statistical study of the 
physical processes expressed by these equations 
has been undertaken with a view to deriving 
suitable statistical forecasting operators based 
directly on the dynamical equations and also 
with a view to examining the importance 
of these physical processes for prediction pur- 
poses. By this procedure, a forecasting tech- 
nique is synthesized from the staristical and 
the dynamic approaches. The statistical ap- 
proach is similar to those discussed by WIENER 
(1949), WADSWORTH (1951), WHITE and 
Parson (1955), MALONE (1955) and MILLER 
(1956). The form of the statistical solution to 
this prediction problem will be shown to be 
loosely analogous to that of the solution of 
the dynamic equations by Green’s method. 
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The thermotropic equations derived by 
THOMPSON and Gates (1956) characterize a 
two-parameter model of atmospheric flow. 
In this model along with the usual assump- 
tions of hydrostatic, adiabatic and geostrophic 
flow, the vertical shear of the horizontal wind, 
or the so-called thermal wind, is assumed to 
remain constant with height. For flat terrain 
the equations take the form 


De 
2 2 == 
ve Ve 


+ KJ (9, V29) =0 (1) 


Ip = = ere 
ve +I, v2 9) +J (y, V2 Pp) + 


Gene [Ss 
+ JY, a|- (2) 


where the bar represents an average with 
respect to pressure in the vertical, y= caf 
o=RTf-!, J is the Jacobian operator, V * is 
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the Laplacian operator, K and L are functions 
of pressure only, u? is a positive constant 
determined by the static stability, R is the 
gas constant for air, and g, z, T, f and B 
have their usual meanings. In solving these 
equations numerically, y is taken as pro- 
portional to the soo mb height and @ as 
proportional to the s00—1,000 mb thickness. 
These equations were solved numerically for a 
square grid of points about 280 km apart 
over the United States and Canada. For details 
of the work, see THOMPSON and GATES (1956). 

The solution of partial differential equations 
(t) or (2) could, presumably, be carried out 
by Green’s method (HILDEBRAND, 1952). Let 
equation (1) be represented as 


dz 
L—-+F(x,y)=0 (3) 


Then the solution to the equation at any point 
x, y can be represented formally as 


dz Ye a 

oe YL SEE 9) G(x ys En) dé dn (4) 
where G is the Green’s function for the prob- 
lem, € and 7 are dummy variables of distance 
in the x and y directions respectively. If the 
integral solutions are obtained in finite differ- 
ence form over q grid points on the earth, 
one may write {Xp} =A {FP} (s) 
where {Xo} is the column vector of the ten- 


dencies (5) in this dynamic model at the q 


grid points, {F} is the column vector of the 
values of Fat each point and A is the matrix of 
coefficients representing finite-difference forms 
of the appropriate Green’s function for the 
problem. In the equations (5) the boundary 


z à ; 
values of Te have been incorporated in F for 


convenience. 
3. The Statistical Equations. 


dz es 
Consider the prediction of En by statistical 
€ 


means. It may be treated as a linear least 
squares multiple regression problem in the 
dz 


multiple time series of > 
C 


and F at the q 
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grid points. For simplicity we will consider 


ie. es - 
that — is a deviation from its mean value. 


ot 
. Red A 
For a given point i, (&) can beapproximated 
by 


d q 


The regression coefficients bj in (6) are to 
be determined from # (>g+1) simultaneous 


dz Wi: 
observations of (=) and F,’s in such a man- 
i 


ner as to minimize the error sum of squares at 
point i given by 


> = 2 | (=), + dij al (7) 


i. f= 1 
where 2 denotes the summation over n ob- 
n 
servations. When 2 e? is minimized with 


n 
respect to b;, the following general equation 
for the coefficients bj is obtained: 


q 
> Innern ) ker2...4(8) 
jE n n t 


This can be written as 


dz 
dt 


where the bar indicates an average over 
the n observations and the barred terms now 
represent covariances. This system of linear 
equations can be solved for the b;; by inverting 
the matrix of covariances [F; F,]=A and 
multiplying by the covariance vector 


Koll 


: Jz 
The predicted values of = at the q grid 


points are simply given by the set of equations 
{Xs}=B{F} (10) 
where {Xs} is the vector of the predicted 


tendencies 2Z in the statistical model at the 
dt 


q grid points, {F} is the vector of predictor 
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functions and B is the matrix of regression 
coefficients. 

Equation (10) is a statistical analogue of 
equation (5). The matrix A of the coefticients 
of equation (5) representing a set of theoretical 
Green’s functions is determined by the form 
of the equation governing the model and the 
characteristics of the grid system used. All 
mathematical models used for weather predic- 
tion are highly idealized representations of 
the true atmosphere. They usually do not 
include the effects of heating, accelerating 
wind fields, topography, etc. Those physical 
processes which are represented by the model 
cannot be evaluated accurately due to a lack 
of data over large areas of the globe or due to 
insufficient accuracy of the available observa- 
tions. To some extent, statistical prediction 
suffers from the same inaccuracies and in- 
completeness of information. 

The matrix B of the coefficients bj in the 
matrix equation (10) represents a set of 
empirical Green’s functions. Because of its 
empirical nature, it results from the effects 
of all physical processes acting on or in the 
atmosphere. The effects of physical processes 
which are linearly related to the function F 
of the initial conditions will be included. 
This is a result of the fact that in the least- 
squares sense the procedures by which the 
b;; were derived result in the best linear com- 
binations of the function F obtainable from 
the data used. 

In actual practice it is necessary to stretch 
the analogy between the systems represented 
by the equations (s) and (10). This is because 
instantaneous values of the contour height 
tendencies are not available to derive the 
truly analogous empirical Green’s functions 
dz 
ot 


mated by finite height changes over 12 or 24 
hours. The Green’s functions derived here 
were not intended primarily for preparing 
routine forecasts but for studying the relative 
importance of certain linear and non-linear 
information about the lower troposphere in 
making predictions. 


of equation (10) and — must be approxi- 


4. Procedures 


The effects on predictability of pressure- 
height changes due to the physical processes 
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PATTERN OF THE STATISTICAL OPERATOR 


Fig. 1. Grid of 15 points at which values of the predictors 
were observed. 


represented by certain non-linear terms of 
equations (1) and (2) were studied from the 
evaluations of finite difference approximations 
to these terms. First, the predictability of 
heights obtainable from certain linear com- 
binations of heights was determined. Then in 
various ways the linear combinations of 
heights were used jointly with the non-linear 
functions as predictors and differences in pre- 
dictability were noted. 

The predictor functions F were evaluated 
over a grid of 15 points of the form shown 
in fig. 1. The positions of the predictand 
points are circled. The data were gathered 
for various positions of the grid over the 
United States and southern Canada. However, 
the relative positions and orientations of the 
grid points were maintained. 

The predictor functions F at the 15 grid 
points were of the following form: 


F, through F,;: Z;, soo mb height 


F, through F39 : Zio, 1,000 mb height 

Fa through Fy; : J, = J(Zs V? Zs) 

Fy, through Feo : Jo = J|(Zs-Z10),V ? (Z5-Z0)] 
Fg, through Fa : Js = J(Z10; V ? Zu) 


Fie through Foo : Ja = ](Z;, ZZ) 


These represent geostrophic approximations 
to the terms appearing in equations (r) and (2). 
Ji expresses the advection of the vorticity of 
the soo mb geostrophic wind by the 500 mb 
geostrophic wind. It is an approximation to 
the term representing the vorticity advection 
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in a barotropic model. J, is a measure of the 
advection of the vorticity of the thermal 
wind from 1,000 to soo mb by this thermal 
wind. J, expresses the advection of the vorticity 
of the geostrophic wind at 1,000 mb by the 
1,000 mb geostrophic wind. Finally, J, is a 
measure of the vertically averaged tempera- 
ture advection in the lower troposphere. It is 
evaluated from the 500 to 1,000 mb thickness 
gradient and the soo mb geostrophic wind. 

Statistical operators were derived for the 
prediction of the 12 and 24-hour contour 
height changes at 1,000 and soo mb. Calcula- 
tion of the linear regression equations and the 
associated multiple correlation coefficients 
was performed using data provided by the 
Joint Geophysics Research Directorate—Air 
Weather Service Numerical Prediction Pro- 
ject. These data were abstracted from sixty 
weather maps at the 1,000 and soo mb levels, 
0300 and 1500 GCT, I to 31 January 1953. 
Five or six sets of observations were taken 
from each of the maps, making a sample 
size of 336 observations. Dr. W. L. Gates 
made available his IBM 701 EDPM program 
for computing the initial values of the Jacobian 
terms of equations (1) and (2). 

If the regression analysis were carried out 
using all of the predictors, a 90 x 90 predictor 
covariance matrix would have to be inverted. 
Because of the limitations of the machine 
storage capacity and the cost of such calcula- 
tions, and also for reasons of statistical stability, 
no more than 60 predictors were used simul- 
taneously. The following combinations of 
predictors were used: 


I) Ze Zuo Linear case, 30 predictors 
2.212 Js Barotropiccase, 30 predictors 
3) : Zu, Zio, Jı 45 predictors 
4) Ze Los hiscks 60 predictors 
5) : Zu, Zio, Ju Js 60 predictors 
6) : Z5 Zio Ja Ja 60 predictors 


If the covariance matrix of any particular com- 
bination of predictors is designated as A, 
then equation (9) can be expressed in simple 
matrix form as 


AB=P (11) 
where B is the matrix of regression coefficients 
and P is the predictor and predictand covar- 
iance matrix. Then as indicated previously, 
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the coefficients in B can be obtained by in- 
verting A,, since 


Ba AP (12) 
The basic matrix inversion program used 
(employing the von Neumann—Goldstine 
method of matrix inversion, 1947) was ca- 
pable of inverting soth order matrices. Since 
three of the matrices (A, to A) are of 6oth 
order, it was necessary to use a partitioning 
procedure and to obtain the inverse matrices 
by the escalator method (HOUSEHOLDER, 1953). 


5. Results 
The predictability of the dependent variables 


as a function of the various predictor combina- 
tions is readily measured by the percent re- 
duction of the variance of the predictands as 
determined from the sample of data studied. 
(This percent reduction of the variance ex- 
plained in the dependent data is equal to the 
square of the multiple correlation coefficient 
R between all the predictors and the predict- 
and and will henceforth be designated as R?.) 
From such comparisons we can deduce infor- 
mation about the relative importance of 
physical processes described by the terms of 
the thermotropic equations as they affect 
the statistical predictions. 

The percent reductions of the variances of 
the forecast height changes at the central fore- 
cast point (point 9 in fig. 1) using various 
combinations of predictors are listed in Table 1. 
Comparison of the first two lines of this 
table indicates that the linear terms Z,, Zo 
yield better predictions of the soo mb height 
changes than does the combination of infor- 
mation from Z, and the non-linear barotropic 
term J,. The suggestion here is that linear 
baroclinic information is more important 
than non-linear barotropic information in 
predicting soo mb height changes. When the 
predictors Z;, Zo, J, are combined as in Ay 
some improvement in the soo mb forecast is 
obtained indicating that the non-linear baro- 
tropic vorticity advection term does appear 
to add some useful information to that ob- 
tainable from the simple linear combination 
of heights at two levels. 

In the fourth line of Table ı are shown the 
effects of adding 15 values of J,, the term 
representing the advection of the vorticity 
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Table 1. Reduction of variance (R?, percent, where 
R is the multiple correlation coefficent) of predicted 
height changes at the central forecast point using 
various predictors. 


Predictands 
Predictors AıaZs ÂuZs ArsZio Axa Zio 
A: 7» Zi 72 69 68 70 
As: Zu Ji 66 58 so sı 
As : Zu Zus Ja 75 72 72 72 
Ay: Z5, Zn Ju Ja 77 73 73 73 
A; :Z5, Zu Ju Js 76 72 73 73 
Ag : Z5 Zola 78 76 79 77 


of the thermal wind from 1,000 to soo mb by 
the thermal wind in that layer, to the 45 pre- 
dictors used in the third line. Thisterm appears 
to add very little to the prediction of the soomb 
height changes. As might be expected, the term 
Js, the advection of the 1,000 mb vorticity by 
the 1,000 mb geostrophic wind, which was 
used in arrangement A, contributed almost 
nothing to the prediction. The best set of 
60 predictors appears to be that in the sixth 
row. The added predictors in A, are the 
values of the J, term which measure the 
advection of the mean virtual temperature 
in the lower troposphere by the soo mb 
geostrophic wind. 

The prediction of the 1,000 mb height 
changes as shown in the third and fourth 
columns of Table 1 follows a similar pattern 
for the most part. However, the predictors 
Z, and J, do quite poorly at the 1,000 mb 
level as might be expected, since they include 
information only from the s00 mb level. 
There does not appear to be the marked 
difference in predictability between 500 and 
1,000 mb height changes usually found in 
numerical forecasting results (THOMPSON and 
Gates, 1956). Thus, the two non-linear terms 
which appear to contribute some information 
over and above that given by linear combina- 
tions of the heights of the two pressure sur- 
faces are the barotropic vorticity advection 
term J, and the temperature advection term Jj. 

Actually, higher values of R? were obtained 
for predictions of height change at the eastern- 
most forecast point of the network, indicating 
that this grid point arrangement relative to 
the central forecast point did not include 
enough information from the west. For the 
eastern predictand the level of accuracy reaches 
84 percent using the predictors in Ag. 

An attempt was made to test the signifi- 
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cance of the improvement gained by addition- 
al predictors. Since the sample of 336 obser- 
vations of each predictor was obtained from 
60 consecutive weather maps at 12 hour inter- 
vals, the observations are not independent 
in either time or space. Because of this, the 
tests of significance applied must be considered 
as necessary but not sufficient conditions for 
establishing the reality of the difference in 
predictability. 

Table 2 shows the improvement in R? 
obtained by increasing the number of predic- 
tors and the values of the F ratio calculated 
from the following formula given by ANDERSON 
and BaNcrorr (1952): 


(13) 


Using this, one can determine whether the 
last r — k of the total of r variates made a signif- 
icant contribution to R?, the percent reduc- 


tion of the variance of the predictand, above 
the percent reduction R? due to the first k 


variates. The F ratio then is used to test the 
null hypothesis that each of the last r- k re- 
gression cocflicients is equal to zero. Here 
n is the sample size and r-k would be the 
number of degrees of freedom of the numer- 
ator, the increase in variance. The quantity 
n -r- 1isthe number of degrees of freedom of 
the unexplained variance, 1-R?, in the sample. 


On the basis of this test, it would appear 
that the only combination of 30 linear and 
30 non-linear predictors which makes a signif- 
icant contribution toward improvement of 
the R? of the predictands at the central fore- 
cast point over all smaller combinations of 
predictors is that designated by Ag (columns 7 
to 9 of Table 2). For 11 of these 12 tests in- 
volving Ag, the calculated F ratio indicates 
that the additional r—k predictors make a 
significant contribution to the reduction at 
better than the 1 percent level. 

The regression coefficients for the simple 
linear case for a 24 hour forecast of the 500 
mb and 1,000 mb height changes are shown in 
fig. 2. Note in the upper left, the empirical 
influence function relating the soo mb height 
to the height change. As might be expected, 
the greatest influence on the forecast point 
(circled) is from the height at that point itself. 
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Table 2. F ratios as measures of significance of improvement (AR?) of per cent reduction of variance of 
predicted height changes at the central forecast point using various arrangements of predictors. 
5 and I per cent significance levels of F are given at foot of table. 


Predictors 

7 ee ee ee ee a Se, 
Ayvs. | Ayvs. | Agvs. | Asvs. | Asvs. | Asvs. | Avs. Agvs. | Agvs. | Asvs. | Agvs. 

Ay A, A, Ay As Az A, A, As A, A, 

INVA NR 5.3 | 10.9 127 4.5, TOR 0.9 6.8 || neva! Bak 3.6 9.3 
F Pepa || 4347 7.3530 07311660 NO CON sei |) eas 2166 52-83. eee 

AR? RO SET 1.5 32202 674-4 0.8 EZ TEA 4.7 2.411330 
AnZs F 1.321) 3:24 | ooo i106 | 477 | 0,50 | 2.78 | 7.12 3-68.) 72.66 9.28 
AR? 4.3 112570 128 4.3 | 23.0 1.2 ,1670:3, 29:0 722 3.00 28% 
Ay2 Z10 F 1.46 | 7.76| 0.87 | 1.43 | 7.72 | 0.82 | 4.44 | 12.52 | 6.26 | 2.06 14.76 
AR? 2 1011220 es 2402277 1.4 SN 2 O7 5.5 2:00 2783 
AsıZıo RE 7-15410.72.,021020:92 1.18 | 7.80. | 0.07 |” 3.037] 10.85 | 4°43 1.39 | 14.66 
Fa: 1.66:| 1.66 | 2.10 | 1.66 | 1.66 | 2.10.| 1:66} 1.60) 2.107|72.107|52.16 
En: 2.06 | 2.06 | 2.91 2.06 2.06 2.91 2.06 2.06 2.91 2.91 | 2.91 
em 9 
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Fig. 2. Regression coefficients for the simple linear case for a 24 hour forecast of the soo and 1,000 mb height 
changes using 15 values each of soo mb and 1,000 mb height as predictors. The forecast is made for the circled 
point. 
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Fig. 3. Regression coefficients for the barotropic case for 


a 24 hour forecast of the soo and 1,000 mb height changes 


using 15 values each of Z, and J, as predictors. The forecast is made for the circled point. 


If the height is above normal, the tendency 
is for a negative change. But it can be seen from 
the upper right of fig. 2 that the influence 
of the 1,000 mb surface is quite important in 
predicting the 24-hr 500 mb height change. 


These empirical influence functions are of 


course more irregular than the Green’s func- 
tions derived from the partial differential 
equations. In fig. 3, the maps show the re- 
gression coefficients for the case we have 
referred to as the barotropic case. Again the 
greatest weight is attached to the forecast 
point itself, but the barotropic vorticity ad- 
vection term J, appears to affect the forecast 
only slightly. 

Fig. 4 shows the coefficients for the forecast 
of AZ; using 60 predictors which are values 
of the four variables Z;, Zio J, and Jj. In fig. 5, 
the coefficients for forecasting AssZıo are 
shown using the same predictors as in fig. 4. 
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An example of a forecast made from the 
best 60-term operators is shown in fig. 6. 
In this forecast for 0300 GCT, 22 January 1953, 
over the eastern United States the agreement 
with observed changes is fairly good both at 
soo and 1,000 mb. The correlation between 
forecast and observed 24-hour height changes 
at soo mb is 0.91 and at 1,000 mb is 0.77. 


6. Critical Comments 


Some critical comments should be made 
with regard to the interpretation of the fore- 
going results. 

1. In the process of solution of the partial 
differential equations, the field of the in- 


2 is calculated 
dt 


and the values are assumed constant for a 
short time period, perhaps one hour. Using 


stantancous height tendency 
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Fig. 4. Regression coefficients for a 24 hour forecast of the soo mb height change using 15 values each of Zs, 
Z,o, Jı and J4 as predictors. The forecast is made for the circled point. 


these height changes, a new height field is 
obtained and the process is iterated to deter- 
mine the height field at some later time. In 
the statistical process, the initial fields of the 
predictors F are related directly to the 12 or 
24 hour height changes. Because of this differ- 
ence, the conclusions drawn from the re- 
sults of the statistical study do not permit one 
to make fully conclusive inferences about 
the effectiveness of non-linear terms in nu- 
merical weather prediction by purely dynam- 
ical methods. 

2. It is of interest to speculate on the small 
increase of predictability due to the non- 
linear terms. Presumably, if a set of values 
of one of the non-linear terms were used alone 
as a predictor, it would give a significantly 


good prediction of the height change. But 
this prediction might not be significantly 
better than one could obtain from a linear 
combination of the heights. This implies that 
much of the information contained in the 
quadratic terms is already included in the 
linear terms. Since the non-linear terms in- 
volving the Laplacian are computed from 
third order differences of heights or thick- 
nesses, errors in the data could be amplified 
and cause large errors in these terms so that 
they fail to aid the prediction significantly. 
This point may be illustrated by the fact 
that in this study the simplest Jacobian, Ja, 
gave more significant results than the Jacob- 
ians representing higher order differences. 

3. I£ the statistical operators are applied to 
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independent data it can be expected that the 
percent reduction will be reduced. A discussion 
of the expected reduction of R? is given by 
LORENZ (1956). 

4. The significance tests applied as described 
above must be considered as necessary but 
not sufficient conditions for establishing the 
reality of the differences in predictability. 
Since the 336 observations of each variable 
came from only 60 weather maps at each 
level and the maps are 12 hours apart, correl- 
ations among the predictor data must be 
rather high in both space and time. Conse- 
quently, the number of degrees of freedom 
used in the significance tests is not realistic 
and the high significance indicated for some 
of the cases is seriously questionable. 
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Although this study indicates that the non- 
linear terms add only slightly to the linear 
statistical prediction, one should not infer di- 
rectly that their value is small in dynamical 
forecasting. However, it is not believed that the 
statistical and dynamical forecasting techniques 
are so greatly different that there are not 
some serious implications about the relative 
importance of these non-linear terms for dy- 
namical forecasting also. 
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Fig. 6. Forecast and observed 24 hour height changes for the period ending 0300 GCT 23 January 1953. soo mb 
above and 1,000 mb below. Forecasts were made using the best 60-term regression equations. 


program preparation and in the production 
of computations on the IBM model 701 com- 
puter. Calculations were performed on an 
IBM 701 EDPM at International Business 


Machines Corporation in New York and on 
the IBM 701 at the Joint Numerical Weather 


Prediction Unit, U.S. Weather Bureau, Suit- 
land, Maryland. 
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On Pyrheliometric Measurements 
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Abstract 


Pyrheliometric measurements are now introduced in the meteorological practice to an extent 
which makes a condensed survey over the present status desirable. 

In the following I have combined the main content of the survey on the pyrheliometric 
scales, given by the International Radiation Commissions, with a description of the present 
modernized type of the Ängström Pyrheliometer. I have added a critical examination of its 
function and the sources of error which ought to be avoided at its operation. A detailed survey 
of its construction seems justified by the fact that it is the only standard instrument at present 
available in the market, where institutes can easily determine its physical constants, thus controlling 
the basis for absolute measurements of solar radiation. I have added an Annex containing a simple 
theory of the “edge effect”’ in the pyrheliometer. The main content of the annex coincides prac- 
tically with the theory I gave already in 1914, but I repeat it here with some minor corrections 
together with a discussion of the factors influencing the effect and also of the results of prac- 
tical experiments. 

The important result is derived, that the edge correction is to some extent dependent on the 
internal convection within the pyrheliometer, and may from this reason vary between about 
1.3 and 3.8 percent of the measured radiation. In the new constructions, now available in 


Sweden, this error is eliminated. 


I. Pyrheliometric scales 


In meteorological services and _ institutes 
radiation measurements have normally been 
standardized by one of two types of instru- 
ment, the Abbot Silver disc pyrheliometer or 
the Angstrom compensation pyrheliometer. 
The silver disc instrument is calibrated by 
reference to a calorimeter maintained by the 
Astrophysical Observatory of the Smithsonian 
Institution, the sun being used as a source. 
The Ängström compensation pyrheliometer 
is now calibrated at Stockholm at the Meteor- 
ological and Hydrological Institute by refer- 
ence to a standard Ängström instrument, 
earlier used for such calibrations at the Phys- 
ical Institute at Uppsala. The calibration is 
checked and controlled in every special case 
by comparison with the instrument factor 
obtained by measuring the physical constants 


of the sensitive part of the instrument (see 
description given below). 


1. The Smithsonian Pyrheliometric Scale 


The history of the Smithsonian scale of 
radiation may be studied in the publications, 
especially the annals, of the Astrophysical 
Observatory of the Smithsonian Institution. 
It is important to note that in 1932, following 
the introduction of an improved calorimeter, 
the Institution announced that the Scale of 
1913 has an error, measurements in this Scale 
being high by 2.5 percent; this has been 
confirmed in 1934, 1947 and 1952. Neverthe- 
less, the Smithsonian Institution has con- 
tinued to standardize instruments in terms of 
the Scale of 1913 in order to preserve conti- 
nuity in series of measurements and partic- 
ularly in the publication of its solar constant 
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determinations. The correction of -2.5 % has, 
as far as is known, not been applied in meteoro- 
logical practice. For further details see espe- 
cially Annals ofthe Astrophysical Observatory 
of Smithsonian Institution, Vol. 7, 1954, D 25 


2. The Ängström pyrheliometric Scale 


The Ängström Scale is based on the com- 
pensation pyrheliometer constructed as to 
its main principle, by K. Ängström in 1893 
and recommended in 1905 by the Internatio- 
nal Meteorological Organization for meteoro- 
logical radiation measurements. The Scale is, 
and has been, embodied in a small group of 
specimen instruments, other instruments being 
substandards, not used absolutely. (As regards 
absolute measurements with the Ängström pyr- 
heliometer, see description below.) When 
the Ängström instrument is used absolutely it 
is necessary to apply a certain correction to 
the readings, mainly on account of the so- 
called “edge effect” (A. ANcsTROM 1914). 
The present estimate, following recent meas- 
urements in Stockholm by F. Lindholm 
(LINDHOLM 1958) of the magnitude of the 
required correction, is slightly above 2 percent, 
measurements on the uncorrected scale being 
too low. This correction has never been 
applied when substandard instruments have 
been calibrated in Sweden; in meteorological 
practice measurements have always been re- 
ferred to the original Angstrém scale, before 
the new international scale of 1956 was in- 
troduced. 


3. Comparison of the existing pyrheliometric 
Scales 


There have been frequent intercomparisons 
of the Angstrém and Smithsonian scales, 
through substandard instruments representing 
either scale. Many comparisons of substandard 
instruments have been made with the sun as 
source. The advantage of such comparisons 
lies in the fact that they are referred to the 
same source as the one which is the object 
of the field measurements. The difficulty of 
such comparisons is that different areas of 
circumsolar sky are covered by the different 
instruments, and the intensity of radiation 
therefrom is widely variable with time and 
place, so that the silver disc and the Ang- 
ström instrument are not strictly comparable 
if the sun is used as source. As the circum- 
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solar sky radiation is generally increasing 
with an increase in the scattering power of 
the atmosphere, one would expect that the 
difference between two radiometers, of which 
the one has a wider opening than the other, 
would vary with the scattering. A variation 
in the percentic difference with turbidity, 
airmass and height of the station above sea- 
level must therefore occur. As the difference 
due to these causes generally must be rather 
small in the case of the relation between 
readings with the Silver disc and the Ang- 
ström instrument respectively, the field meas- 
urements have not, however, given a clear 
indication of it. 

The difficulty introduced by the circumsolar 
sky radiation is eliminated in laboratory com- 
parisons with a lamp as a source, but other 
difficulties are here introduced, especially in 
the case of the Silver disc, e.g. it is not easy to 
maintain an even distribution of radiation 
over the comparatively large sensitive surface. 


4. Summary of results of the comparisons 


The generally accepted mean difference 
between measurements of solar radiation by 
instruments standardized by the Smithsonian 
Institution on the 1913 scale and by instru- 
ments standardized on the uncorrected Ang- 
ström scale may be expressed by the relation: 


SI 
AU 1.035 


Individual determinations show, however, 
considerable scatter. The mean of laboratory 
determinations, on artificial sources, give: 


à = 1.028 


A single laboratory determination of the 
difference between the (British) National 
Physical Laboratory (NPL) standard Scale of 
radiation and a substandard representing the 
uncorrected Ängström Scale shows readings on 
the latter Scale to be the lower in the relation: 


DIE Dany ae 
A : 


A series of intercomparisons at Davos (1934) 
between a substandard Angstrém instrument 
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and a Potsdam absolute pyrheliometer (PAP) 
of calorimeter type, using the sun as source, 
show a relation: 


RAP 
—— = 1.010 


The Smithsonian Institution considers the 
1913 scale to give too high values in the rela- 
tion. . 


SI 


True Scale “> 

Let us designate the Smithsonian Scale of 
1913, less 2.5 percent the corrected Smith- 
sonian Scale. On the other hand the edge 
effect seems to demand a correction of about 
+2 percent to the Ängström Scale. Let us 
designate the uncorrected Ängström Scale 
multiplied by the factor 1.02, the Ängström 
corrected Scale. The comparison of substand- 
ard instruments using the sun as source 
suggests that readings on the Ängström correct- 
ed Scale are in the mean 1.0 percent higher 
than on the Smithsonian corrected scale. 
Comparison on laboratory sources suggests 
that this figure is 1.7 percent. The single 
comparison of Guild suggests that measure- 
ments on the Ängström corrected Scale are 
1.5 percent higher than measurements on the 
N.P.L. Scale. The Potsdam comparisons show 
that measurements on the Ängström corrected 
Scale are ı percent higher than those referred 
to the Potsdam absolute pyrheliometer. The 
mean difference of 0.7 percent between com- 
parisons using the sun and those using labora- 
tory sources is of the magnitude to be expected 
from considerations of the apertures of 
standard and substandard instruments and an 
average distribution of circumsolar radiation. 

Conclusions. In view of the facts and con- 
sideration given above the International Ra- 
diation Commissions at a meeting at Davos, 
September 1956 


Recommended the adoption of a new pyr- 
heliometric Scale to be known as the International 
Pyrheliometric Scale 1956. Measurements made 
according to the original Ängström Scale should 
be increased by 1.5 percent. As the difference 
between the Smithsonian Scale of radiation as 
revised in 1913, and the original uncorrected 
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Ängström Scale has been found to be 3.5 percent 
on the average for measurements of solar radiation, 
measurements made according to the Smithsonian 
Scale of 1913 should be reduced by 2.0 percent. 


II. Present construction and use of the 
K. Ängström compensation pyrheliometer 


1. General principle 


The receiver of the instrument consists of 
two thin strips of manganin, made as identical 
in every way as possible. One strip is exposed 
to the sun radiation, while the other one is 
screened from the sun. Through the screened 
strip an electric current is passed, the intensity 
of which is regulated so that heating of the 
twosstrips is the same. 

To secure this thermojunctions connected 
through a sensitive galvanometer are attached 
to the central points at the back side of the 
two strips. A current through the screened 
strip is adjusted, so that the galvanometer 
shows no deflection. 

Let q be the radiation per second per square 
centimeter, a the width of the strips, 6 the 
absorbing power of their blackened surface, r 
their resistance in ohm per unit of length, 
and i the intensity of the compensation current 
in ampere. 

We then have: 


ri? 


es; (1) 


from which: 


12 
q= ECA: gram ‘calories/second (2) 
or 
6ori? . : 
Q= re) gram calories/minute (3) 
BITTER 


If the intensity of radiation be expressed in 
watts per square centimeter, we have 


ri? 


re ad (4) 


In order to measure the radiation we have 
to determine ß, a and r, a determination 
which can be made once for all. As the radia- 
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tion is generally given in gram calories per 
square centimeter and minute, we put: 


60:r 
RL (s) 


where K is “the constant” of the instru- 
ment. Knowing the constant we may, through 
measuring the compensation current, obtain 
the radiation from the equation: 


Q= Ki? (6) 


As the strips are exposed in practically the 
same way to the air and have the same tem- 
perature, corrections for cooling and convec- 
tion are in this method eliminated. (On a 
slight influence of convection on the edge 
correction see the annex.) 


D C 


VID 


FIG.1. FRONT VIEW OF PYRHELIOMETER. 


FILTER HOLDER REMOVED. 
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FIG.Z. BACK VIEW OF PYRHELIOMETER WITH. 
FILTER HOLDER IN PLACE. 


2. Details of construction 


The instrument consists of a cylindrical 
metal tube-see Figs. 1 and 2-in the rear of 
which the manganin strips are mounted on a 
strip-holder. The tube itself is mounted on a 
holder and can by means of the two knobs (A) 
and (B) be directed against the sun. The right 
direction is controlled by means of the diopters 
(C) and (D). The height angle of the sun may 
be read to a tenth of a degree on the scale (E). 
A condition for obtaining a correct height 
angle is that the whole instrument has been 
adjusted to the horizontal plane by means 
of the screws (G, H, I) and the libel (J). 


The stripholder at the back of the tube can 
be removed for inspection by loosing the 
screw (K) and decoupling the three wires (S) 


(see fig. 2). 


The three wires (S) are connected to the 
screen (T) by which the strips can be screened 
from the sun, in such a way that by the alter- 
nate screening of the strips the current is auto- 
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matically passed through the strip which is in 
shadow. 

On the back side of the two manganin 
strips, two thermocouples (Q) and (R) of 
copper-constantan, electrically isolated from 
the strips, are mounted. The thermocouples 
are connected with two contact screws on 
the back side of the strip holder. To these 
same screws the wires to the sensitive galvano- 
meter shall be connected. Two other screws 
on the back side of the strip holder serve as 
connections for the wires of the circuit which 
includes electric cells, milliammeter and slide 
resistance. 


3. Auxiliary instruments 


a) The sensitive galvanometer which serves 
to show the temperature difference between 
the strips, is used as a zero instrument. It 
shall be able to indicate whether temperature 
differences larger than about 0.01 of a degree 
C occur, but we are not concerned with 
the absolute value of its sensitiveness. Its inner 
resistance ought not to be too large. A sen- 
sitiveness of I + 10-$to 5 - 107$ amperes pro divi- 
sion, and an inner resistance of about 10 ohms 
are suitable. For many conditions a so called 
“light spot” galvanometer (for instance the 
type Norma, delivered by Philips) can be 
recommended. The pointer of the common 
ammeter type is here replaced by a small 
light spot crossed by a fine dark line, the posi- 
tion of which can be read on the scale. A 
number of other types can be used provided 
the sensitiveness is what has been suggested. 

b) The milliammeter which serves to measure 
the compensation current through the screened 
strip is a highly important instrument. From 
the equation (6) we obtain: 


© = = (7) 


which shows that if we wish to measure the 
radiation correctly on half a percent we must 
measure the current correctly within a quarter 
of a percent. Most milliammeters of high 
quality enable us to do that. A frequent source 
of error, not always payed sufficient attention 
to, is the temperature dependence of the milliam- 
meter. The instruments of the highest quality 
are practically free from a temperature de- 
pendence, but often one is forced to work 
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FIG.3 STRIP HOLDER. 


with more simple instruments. Especially in 
such cases it is important not to subject the 
ammeter to large variations of temperature. 
This can to some extent be avoided if the in- 
strument is kept in shadow. Further one has 
the possibility to determine the temperature 
coeflicient and apply a correction for it. 


It is equally important to control, not too sel- 
dom, the accuracy of the milliammeters used with 
compensation pyrheliometers as to control the 
pyrheliometers themselves. 


The milliammeter ought to be able to 
measure currents up to about 0.4 ampere. 


c) The slide resistance. When the compensa- 
tion current is closed, it is of importance that 
we begin with a rather high resistance and 
slowly change it to a value which brings 
the galvanometer deflection back to zero. 
With an inner resistance of the milliammeter 
of about 10 ohm, the resistance of the slide 
resistance ought to be variable within the 
interval 10 to about 100 ohm. As variations 
can be obtained also by using smaller electro- 
motive force in the circuit, one need not to 
be too strict about these limits. It is important, 
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however, that resistance and electromotive 
force are balanced in such a way that the 
maximum current which can be obtained is 
not so high that the strips are burned by 
heating. 

It is important that the slide resistance is 
such that smooth variations can be obtained. 
A combination of two resistances, parallel 
or in series, is advisable, one for a coarse, 
the other for fine regulation of the current. 


4. Determination of the constant K 

Before the delivery the constant K of 
every instrument is determined through com- 
parison with a standard or substandard instru- 
ment. The constant of the standard pyrheli- 
ometer has been determined through meas- 
uring the quantities r, a and f defined above. 
As the instruments are expected to give 
readings which are correct within less than 
0.5 percent, the accuracy of the determination 


of r, a and B for the standard should for 
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every one of these factors be correct within 
about 0.1 percent. 

The strips are cut off in a dividing engine 
and their width given on its scale. The width is 
also controlled under the microscope. The 
resistance between two knife edges resting at a 
distance apart, which has been measured, 
is determined. As the resistance of the manga- 
nin varies with less than 0.1 percent for a 
temperature difference — 40° to + 50°, no regard 
needs to be taken to the temperature of the 
strips. The constant K, may therefore be re- 
garded as independent of temperature, and no 
correction needs to be introduced on its ac- 
count. 

Direct observations by K. Ängström at 
the original construction and also by others 
have shown that the absorbing power a of 
the surface blackened by the method of Crova, 
as described above, may be put equal to 0.980, 
with an accuracy. probably, of + 0.2 percent. 

The constant K, of the standard being com- 
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puted on the basis of these measurements, the 

constant K, of an individual instrument is 

determined from the equation: 
K, 1 Fr Ke in? 


(8) 


from which: 


(9) 


where i, is the current measured in using the 
standard, i, the current measured in using 
the instrument, the constant of which is to 
be determined. From obvious reasons it is 
of advantage to use the same milliam- 
meter for both determinations, provided the 
sun radiation is not so variable that simul- 


tanity of the both observations is to be given 


ANDERS ANGSTROM 


priority. In general K, is determined from 
several series of alternating measurements of 
i, and i,. Every single computation of K, 
is in general made from mean values of i, and 
i,, and the finally adopted value of K, is itself 
a mean value of-several such computations 


of K,. 


At the constant determinations made at 
the Swedish Meteorological and Hydrological 
Institute, the constant of the individual in- 
strument is always determined also in a 
second way, namely on the basis of measure- 
ments of a and r, while f is assumed to be 
equal to the absorption of the strips of the 
standard instrument, viz. equal to 0.980. In 
this way a constant K, is obtained. It serves as 
a control of the correct functioning of the in- 
strument. This is as a rule approved for de- 
livery only if K, does not differ from K, 
with more than ı percent. The same rule was 
applied at earlier constant determinations at 
the Physical Institute of Uppsala (prior to 
1922). But in all cases the value of K, is given 
priority. It is the comparison with the standard 
instrument or with certain substandards, which 
determines the value of the constant to be 
accepted. 


5. Correction to the constant experimentally 
determined 


Already in 1914 it was pointed out by the 
present author (A. ÄnGsTRöM 1914), that a 
small correction ought to be applied to the 
readings with the Ängström compensation 
pyrheliometer, on account of the fact that 
in the standard instrument at Uppsala and also 
in the secondary instruments, which were 
then copies of the standard, the strip illumi- 
nated by the sun is not heated by the sun 
radiation to its whole length, as is, on the 
other hand, the strip heated electrically. 
The diaphragm screenes off the edges of the 
illuminated strip to an extention of about 1.5 
to 2.0 mm at both ends. The consequence of 
this is that it takes less current energy per unit 
length of the strip to heat the screened strip 
to the same temperature as the illuminated 
one, than it would take if the sun radiation 
was allowed to fall on the whole length of the 
strip. At that early time I gave a simple 
theory, showing the error to be expected. It is 


Tellus X (1958), 3 


ON PYRHELIOMETRIC MEASUREMENTS 


presented in Annex I together with some new 
applications.! 

The edge effect has after 1914 been subjected 
to a number of investigations among which 
the ones of MARTEN (1916) and LinpHOLM 
(1958) may be especially mentioned. For 
an instrument used by myself at Algeria 
(No. 158) I found experimentally an edge 
effect of 1.3 percent, Marten gives a value 
as high as 2.8 and recent measurements by 
Lindholm seem to support the last named 
value. If one would consider the edge effect 
as the only cause of a deviation from a true 
scale, one would consequently have to apply a 
correction of + 2 percent or even slightly 
more to the constant K, determined as described 
above. There are however probably also some 
other small sources of error working in an 
opposite direction. On the bases of all com- 
parisons made between the Ängström and 
Smithsonian Scales, and especially with refer- 
ence to the laboratory experiments at the 
National Physical Laboratory, London, the 
International Radiation Commission recom- 
mended (1956) that for all measurements given 
in the uncorrected Ängström Scale a correction 
of +1.5 percent should be applied after the rst 
of January 1957. This implies that to constants 
K, determined through comparisons with 
the standards in Stockholm according to the 
procedure described in ( 4 of the present 
paper, this same correction ought to be 
applied. 

All certificates on pyrheliometer constants 
issued by the Meteorological and Hydrological 
Institute at Stockholm are now (after January 
I st, 1957) in agreement with this recommen- 
dation. 


6. Operation of IK. Ängström compensation 
pyrheliometer 


The instrument is adjusted against the sun 
by aid of libel and diopters. The screen is 
put straight forward allowing radiation to 
fall simultaneously on the both strips. No 
heating current is then applied to either strip. 
Take the reading of the galvanometer con- 
nected to the thermo-couple as zero position. 


1 In my previous paper I used a value for the heat 
conductivity of manganin taken from Smithsonian 
Physical Tables (1910). This value is ten times too 
large. The correct value is now introduced. 
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Now turn the screen 90°, for instance to 
the left so that the left strip is shadowed, the 
right one exposed to the sun. At the same time 
the contact to the left strip is automatically 
closed. The intensity of the current is regulated 
as to bring back the galvanometer deflection 
to the zero position. When that has been made, 
the intensity of the current is read at the 
milliammeter. Next turn the screen 180°, in 
order to shadow the right strip. Automatically 
the current is switched over to that strip. 
The current is regulated for no deflection on 
the galvanometer and a new reading of its 
intensity is taken. Finally the screen is turned 
to the left again and the procedure of regulating 
and reading repeated. If the readings are Ly, R 
and Lg, respectively, the current i,, is deter- 
mined from the equation: 


JL + 
ee aa as (16) 


and the radiation computed from: 


QO= Kin: (11) 
where K is the constant given in the certificate. 
If the certificate does not state that the constant 
refers to the International Pyrheliometric 
Scale of 1956, but is issued earlier and given 
in the Ängström Scale, add 1.5 percent to 
the constant in order to reduce it to the inter- 
national Scale. 

The height of the sun is obtained to a tenth 
of a degree from the scale attached to the in- 
strument. 

When high accuracy is demanded the solar 
height h should be computed from the true 
local time according to the equation: 


sin h = sin y sind + cos pcos Ü cost (12) 


where is the latitude of the station, 6 is the 
declination of the sun and t is the local time 
angle. At the time 1” p.m. for instance the 
A 360: 3 
time angle Sera ogee 

It is desirable that the indications on the 
elevation scale are controlled now and then 
through computations according to equation 
(12). 

Under all circumstances it is important 
that the time is read at the same moment as 
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pyrheliometer readings are taken. At high 
sun elevations it may in general be sufficient 
to read the watch, when the reading R is 
made at the ammeter. In general the time 
ought to be given in hours and minutes. 

Comparison of instruments. When comparisons 
are made for the purpose of controlling 
the constants or for new standardizations it is 
especially important that they are made under 
the most favorable conditions as regards in- 
stallment of the instruments and as regards 
sky and sun conditions. An exceptionally 
clear sky is desirable, mostly because the radia- 
tion is then, for solar heights above 30°, 
rather constant, with only a regular and slow 
variation. It is also desirable that the solar 
height is not very low. Solar heights below 
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about 20° are not suited for standardization 
purposes. 

At all installments of actinometric instru- 
ments for general purposes the neighbourhood 
ofsmokecreatingindustries ought to be avoided. 
The milliammeter and slide resistance ought if 
possible be placed within an observatory or 
in the shadow of some shelter; not only for 
protecting them against excessive heating but 
also to avoid as much as possible the heating 
of the contact connections of the electric 
wires. ; 

I am indebted to my successor as Director of 
the Meteorological and Hydrological Institute 
of Sweden for the permission to use a number 
of figures included in the Institute’s instruction 
for the use of the Ängström pyrheliometer. 


ANNEX 


On the edge effect at the Angstrém compensation pyrheliometer. 


By ANDERS ANGSTROM 


The so called “edge effect” involves a 
correction to the readings of the Ängström 
compensation pyrheliometer. The correction 
is of the order of about 2.0 per cent in the 
case of the standard pyrheliometer, used to 
define the Ängström Pyrheliometric Scale. 
It arises through certain features of the con- 
struction, involving that the manganin strip 
exposed to the sun is not illuminated to its 
whole length but that the strip to a length 
of about 1.5—2.0 mm from the edges 
is screened by a diaphragm, while the 
other strip, which is in shadow, is heated by 
the electric current to its whole length. 
The consequence of this is that it takes less 
energy per unit length of the strip to heat it 
by the electric current, than corresponds to 
the heating by the sun radiation for the same 
temperature at the centre of the strips. 

It is easy to give for an idealized case, 
which corresponds to the essentials of the 
actual conditions, a theory of the energy and 
temperature distribution at the two strips. 
The advantage of such a theory is thatitclearly 
shows what order of size may be expected as 
regards the correction and also that it gives a 
very clear idea about the factors which in- 
fluence the correction and about the variations 


to which it may be subjected under various 
conditions of exposure. 

We make the assumption that the strips are 
perfectly absorbing, with a width a, a thickness 
b and a conductive power for heat c. We 
further assume the strips to be soldered to 
great metal blocks, the temperature of which 
are independent of the temperature of the 
strips. The strips have the total length 2 / and 
the strip illuminated by the sun is in shadow 
to a length d from the edges. I further assume 
that the temperature t, at the centre of the 
strip is measured, and that this temperature is 
uninfluenced by the measuring device. Let it 
also be assumed that the thickness b of the 
strips is negligible in comparison with | 
and a and that the temperature in every cross- 
section of the strip is the same. 

We further assume that the convection 
and radiation to the surroundings from the 
different parts of the heated strips can be 
expressed through the cooling law of Newton, 
viz, it is proportional to the temperature differ- 
ence between the surroundings and the part 
of the strip, which we consider. The tempera- 
ture of the surroundings we assume equal to 
the temperature of the blocks to which the 
strips are soldered. To simplify we let this 
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temperature be the zero-point of our tempera- 
ture scale. Then the convection from various 
parts of the strip is expressed by the quantity 
kt, where t is the variable temperature and 
k a cooling constant. 

Some of these assumptions represent an 
idealization. The blocks to which the strips are 
soldered may to some extent adopt a tempera- 
ture slightly above the “surroundings”, the 
conduction of heat through the wires of the 
thermojunction influences to some degree 
the temperature distribution in the strips, and 
finally it seems probable that k is to some 
extent variable along the strip in a way which 
probabiy is dependent on a number of external 
conditions. This, however, does not worry us 
so much, as the chief aim of the theory is to 
make clear what factors are involved and 
what is the order of size of their influence. 
There are no reasons to suppose that their 
influence in the practical case will be very 
different from what it is in the idealized one. 

Let us investigate the variation of temper- 
ature of the strip as a function of the distance 
x from the centre of the strip. 

If the energy produced by the current is W 
per unit area of the screened strip we get: 


Wa dx=k-t-a-dx-—a-b-c ae dx (1) 
dx? 
from which 
et ok FA 81 Le (2) 
dx? b-c bec 
The general solution has the form 
t= AetH* + Be—* + § (3) 
where we have 
ae, 


The constants A and B are determined by 
the conditions: 


t=o for x=]; ae for x =0 


dx 


the last condition following simply from sym- 
metry. 


We thus get 
A=B= - 
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For the temperature f, at the centre, where 
l=0, we get from (3) and (s) 


W 2 
Ra Pe | oe (9 


This temperature fy is equal to the temperature 
to; at the centre of the illuminated strip. 


For the illuminated part of that strip we have: 
t, = A, (et**+e-"*) +S, where (7) 
Q 
SAT L (8) 
where Q is the radiation per unit surface of 
the illuminated strip. 


For the shadowed part of the exposed strip 
we have: 


= awl *“f2=0 (9) 
which gives 

ta = Met #* + Ne-#* 
A,, M and N shall fulfill the conditions: 


i,=0 for x= 1; t,=t, forx=1-d 


ee) 
dx ae dx}, 14 


This gives us for the temperature of the illu- 
minated part of the exposed strip: 


Salieri + en 
2 Letel + e-#! 


and 


|e + e-#*) + S, (To) 


i= 


and for the temperature at the centre: 
Q ent ine ate 
(ha fe IT area 


We have f,, =f, and by dividing 
(11) by (6) we get: 


(11) 


Q > v(l) ae (12) 
Ww y(l) -y(d) 
where 
Fe 


and similar for y(d) 
For u we had the expression u = \/ — 
ee 
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In the case of the type of the Ängström pyr- 


heliometer, to which most measurements of 
the edge correction refer, the value of b is 
20 microns; for c we have measurements, for 
instance by Jager and Dieselhorst, giving a 
value of 0.0519 gram calories per second and 
square centimeter for a temperature gradient 
of 1° per cm, at a temperature of 18°. At 100° 
the value is considerably larger namely 0.0631. 
A change of c with about 8 percent for a 
temperature difference of 30° seems probable, 
which evidently means a change in w of about 
4 percent for the same interval of tempera- 
ture. 


The factor, the evaluation of which in- 
volves the greatest difficulty is k. The combined 
cooling effect of radiation and convection is 
without doubt variable within rather wide 
limits, dependent on the wind velocity, which 
must to some extent influence the air circula- 
tion within the pyrheliometer tube. Mac 
Farlane gives a value for k of 0.000287 at 
18°C (gram calories per square centimeter 
and second) with an increase to about 0.000319 
at a temperature of 40°. This value, however, 
refers to the cooling of a black sphere placed 
in the centre of a spherical enclosure which 
has a blackened surface, the medium between 
the surfaces being moist air. The air was not 
ventilated, and aside from the thermal con- 
vection it must have been mainly at rest. The 
value of Mac Farlane is therefore probably 
smaller than the value of k corresponding to 
the conditions within the pyrheliometer. If, 
in spite of that, we introduce the values of b, 
c and k given above and corresponding to a 
temperature of 18°, we find, allowing for 
the convection and the radiation from front 
and back surface of the strip (= 2 k), a value 


for u of 2.35. As the ratio — enters into u, it 
c 


may be assumed that the value of 4 is much 
less dependent on the temperature than c and k. 
The temperature dependence may therefore 
here be neglected. On the other hand it 
seems probable that the value of u in our 
actual case is different from 2.35, especially 
on account of k being different from what has 
been assumed. 


Accurate measurements of the edge correc- 


tion have now in fact been carried out by 
MARTEN after my first article on the subject 
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was published in 1914. In the case of the pyr- 
heliometer Nr 140 III, then belonging to 
the Meteorological Observatory at Pots- 
dam, Marten determined d to be equal to 
0.2 cm, and found, by changing the length 
of the shadowed part of the strip from 0.1 to 
0.4 cm mean values on the edge correction, 
given in the Table I, under ö°®s. Here ö is de- 
fined through: 


Table 1 

d | dobs | dcomp 

OnE 0.7 0.65 

0.2 2.8 2.65 

0.3 6.5 6.3 

0.4 1129 12.1 

Ô = Re — | #100 13 

> (13) 


or 


Q=W (1+ 0.01 ö) (14) 


From (12) and (13) we get: 


RAU 
yp (1) -y (d) 


If we in this formula introduce a value on 
u equal to 2.4, we get the values of 6°°™P given 
in the last column of Table I. 

The variation of 6°™? with d (in centimeter) 
is also demonstrated by fig. 6 through a full 
drawn line. The measured values of Marten are 
represented by crosses. The value for k found 


0.01 deomp = 


(15) 


15 


0 Sik Bee 02 d 03 0.4 


Fig. 6. Edge correction 6 in per cent in its dependence of 

shadowed length d (u=2.4, u=2.0, u=3.0). Curves 

according to theory, crosses according to measurements 
by Marten. 
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0 m 1.0 20 3.0 40 


Fig. 7. Dependence of edge correction 6 on convective 
constant u (d = 0.2 cm, I=1.0 cm). 


through introducing the measured values of 
Marten into our formula seems, with regard to 
what has been stated earlier, to be a reasonable 
one. It is rather astonishing to find how well the 
theoretical formula then represents the actual 
conditions. This gives us reason for assuming 
that the formula may also give a trustworthy 
idea of the dependence of the edge correction 
on other variables than d, especially then on 
the dependence of 6 on k. 

This seems at present to constitute a rather 
important question. Can 6 for a given instru- 
ment, where d is keeping a fixed value of let 
us say 0.2 cm be regarded as practically 
constant? For all determinations of the differ- 
ence between the Ängström and the Smithso- 
nian Scale this is a rather fundamental question. 
Fig. 7 now gives the values of 6 computed 
from my formula for different values of y, 
under the assumption d=o.2, /=1.0. 

The limit value ö,-, is computed from the 
formula and given by: 

12 d2 
0.01 Öu=0= emia anes 


[2 — d2 

It must here be emphasized that the zero- 
value of w is quite imaginary, in the respect 
that u can not be reduced below the value 
corresponding to radiation alone. In fact k 
is composed of a radiation term and a convec- 
tion term. It seems to be reason to assume 
that the cooling is to about two third due to 
convection. But even the convection can 
not be reduced below the value corresponding 
to the free convection due to the rise of the air 
from the heated strip on account of differences 
in density. It therefore seems probable that y 
can under no conditions of ventilation be 
below about so percent of its normal value, 
viz. not below about 1.0. 
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The important result to be derived from 
the formula now is that 6 can only be regarded 
as a constant for the case that u does not 
vary between too wide limits. Already the 
measurements of Marten showed that in his 
different series, 6, for d=o.2, varied between 
the limits 2.6 and 3.2 percent. But it seems 
rather probable that in practical field work 
the variation of k, and consequently also of u, 
is such, that much greater variations can occur. 
Let us assume that under extreme conditions 
u takes on values as low as 1.0, and as high 
as 4.0, viz. about the half and the double 
of the normal value. This gives us a variation 
of the edge correction from 3.85 at the 
minimum value of 4, to 1.31 for the maxi- 
mum, which means a difference of almost 
2.5 percent in the measured radiation value. 
Such a variation may well be produced if 
the pyrheliometer in the first case is well 
screened against wind and in the second is 
openly exposed to a wind blowing directly 
into the tube. It seems rather probable that 
we have here an explanation to the rather 
large differences obtained by, for instance, 
Courvoisier in comparing substandards of 
the two standard Scales. In general one has, 
at observatories, much better opportunities to 
get installments of pyrheliometers, where 
the wind influence is reduced to a minimum 
than at field measurement in the open. This 
may mean a difference of more than +1 
percent in extreme cases. 

What here has been said emphasizes the 
importance of reducing the edge correction 
to a minimum. For d equal to 0.05 cm, and 
technically such a reduction of d seems practi- 
cable, the edge correction for u=2.4 is only 
0.2 percent and its variation corresponding to 
extreme values of u seems then to be reduced 
to less than +0.2 percent. In general it may 
only be a fraction of this value. 

At the construction of new instruments by 
A. Lindblad! or at the Swedish Meteorological 
and Hydrological Institute, attention is now 
payed to the conditions which here have been 
analysed. In the instrument of recent construc- 
tion the screened edges of the illuminated 
strip are less than 0.2 mm in length. This 
means that the edge correction is practically 
eliminated. 

1 Address of A. Lindblad: Kungstensgatan 38, Stock- 
holm,Sweden. 
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The Release of Latent Heat in Tropical Storms 
Due to the Fall-Out of Sea-Salt Particles 


By A. H. WOODCOCK 


Woods Hole Oceanographic Institution!, Woods Hole, Massachusetts 


(Manuscript received August 12, 1957 revised April 1, 1958) 


Abstract 


Observations of atmospheric sea salt in a hurricane are used to estimate the weight of salt 
in the clear air at cloud levels. These quantities are then used to determine the rate of release 
of heat in the moist air layers below, due to condensation on this salt as it falls from the relatively 
dry air at higher levels. This rate is found adequate to alter significantly the distribution of heat 
and water vapor in the cloud-layer air and to explain much of the observed potential tempera- 
ture increase in the lower air converging upon the central regions of hurricanes. 


I. Introduction 


In meteorology computations involving 
the release of latent heat of vaporization of 
water assume that no significant amount of 
condensation occurs in the atmosphere until 
the relative humidity reaches 100 per cent. 
In fact the assumption of dry-adiabatic condi- 
tions in well-mixed sub-saturated air below 
cloud base is sometimes used as a basis for 
judging the probable accuracy of temperature 
measurements made in this air (JORDAN, 1952). 
In air containing certain quantities of hygro- 
scopic particles, this assumption is probably 
not valid. The author has shown that conden- 
sation on sea salt particles in ascending air 
can bring about a significant release of latent 
heat in the sub-cloud layer at relative humidi- 
ties less than 100 per cent (WOODCOCK, 1950). 

1 Contribution No. 920 of the Woods Hole Oceano- 


graphic Institution. Work supported by the Office of 
Naval Research, under contract Nonr-798(00) (NR-082- 


124). 
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The previous attempt to use measurements 
of sea-salt particles to estimate the role of the 
salt in the release of latent heat in the sub- 
cloud layer was not very conclusive. This was 
due primarily to uncertainty about the maxi- 
mum amounts of salt to be expected in storms 
at sea, and to a failure to realize that salt falling 
from higher levels might also be important. 
Recently developed techniques (Woopcocx, 
1950a, 1952) (WOODCOCK and SPENCER, 1957), 
designed to sample the larger salt particles, 
have shown the presence in strong winds of 
particles having a weight of nearly 10% grams. 
These measurements have also shown that the 
glass slide technique averages quantities of salt, 
in one to ten kilometer sampling lengths over 
the sea, which may vary by a factor of two 
to ten within these lengths. Thus for this and 
other reasons (see section 8), one need not 
regard the averaged hurricane data used here 
as limiting quantities, since they result from 
application of the older glass-slide sampling 


Fig. 1. Diagram illustrating the idea of the fall-out of 

large salt particles associated with clouds. This figure 

is intended to represent a cross-section normal to two 

cloud lines. It is assumed that the average relative humid- 

ity in the clear air at cloud levels above 5,000 feet is 
less than 74 per cent. 


technique. No new measurements have thus 
far been made in these storms using the new 
techniques, but for present purposes the carlier 
observations are useful. 

The current interest in expanding our knowl- 
edge of tropical storms and the improved 
facilities for doing so caused the author to 
hazard a second attempt to show that the 
quantity of airborne sea-salt is important in 
these storms. The primary purpose of the 
present paper is to discuss the role of salt 
which is carried upward by the clouds, in 
subsequently altering the distribution of heat 
and water vapor as it falls back towards the 
sea. It is hoped that hurricane-research air- 
craft will be able to test some of the conclu- 
sions of this study through direct measurements. 

Byers (1944, p. 432) and RIEHL (1951 and 
1954) have discussed the near-isothermal ex- 
pansion of the sub-cloud air flowing in to- 
wards the central low-pressure areas of trop- 
ical cyclones. Riehl emphasized the basic 
role of this phenomenon in altering the 
stability of the atmosphere in the central areas 
of hurricanes (RIEHL, 1954, p. 313—316). Both 
of the above authors assumed that the sensible 
heat required to compensate for the adiabatic 
cooling as the pressure falls in the converging 
air (roughly 1° C per 10 mb of pressure de- 
crease), is derived from the greatly agitated sea 
surface waters. 

The following sections of this paper are 
intended to show that a large part of this 
heat can come from latent heat released by 
condensation of water vapor on salt particles. 
It is pictured that these particles, which 
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are produced by bursting bubbles at the 
sea surface (BLANCHARD, WOODCOCK, 1957) 
(KIENTZLER et al., 1954) are carried up in the 
clouds, are distributed laterally by shear and 
turbulence and fall into or are mixed into 
the relatively clear air between the clouds. 
Here the particles will alter the vapor and heat 
distributions as they fall in and out of layers 
of air having different relative humidities 
on their way -down towards the sub-cloud 
layer, as suggested by Figure 1. In falling from 
an area where the RH averages < 74 per cent, 
to one in which the average RH is 90 per cent 
or 96 per cent, condensation releases heat at a 
rate which is sufficient to account for the 
observed warming of the air flowing into 
tropical cyclones, if one assumes a salt fall-out 
of a certain average intensity over the whole 
area of the observed isothermal expansion. 


2. Preliminary description of the model 
proposed 


The purpose here is the initial clarification 
of the primary problem, which is to demon- 
strate that the transport of salt between the 
sea, the sub-cloud and cloud layers can result 
in a sensible heating of the sub-cloud air through 
the release of latent heat. 

The spray particles entering the atmosphere 
from the sea can be divided, for present 
purposes, into two groups: 1), those particles 
which fall back into the sea without being 
carried out of the sub-cloud air, and 2), 
those which return to the sea after ascending 
in clouds and falling through relatively dry 
regions of the cloud-layer atmosphere. 

Group one particles will produce a net 
cooling of the sub-cloud air due to evapora- 
tion. The amount of this cooling will be 
directly related to the difference in the salinity 
of the droplets which are ejected into the air 
from the bubbles in the sea and their salinity 
upon falling from the air and re-entering the 
sea. The relative humidity over spray droplets 
of sea water is about 98 %. Since surface-air 
relative humidities of 90% and 96% are 
assumed in the discussion below, the spray 
droplets will evaporate to some extent (see 
Fig. 2) before returning to the sea. Thus 
evaporation from these group one spray 
particles will tend to stabilize thermally the 
lower part of the sub-cloud layer, which 
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Fig. 2. Vapor pressure lowering over concentrated sea 

water at various temperatures and salt concentrations. 

Concentrations represent chloride in parts per thousand, 
by weight. (From Arons and KIENTZLER, 1954). 


contains the dryest air in this usually well- 
mixed section of the trade-wind or hurricane 
atmospheres (BUNKER et al. 1949) (RIEHL, 
1954). The sensible heat required for this 
evaporation is assumed to come from the sea 
surface. 

Group two particles are carried upwards 
into the clouds through the sub-cloud layer. 
They are assumed to enter cloud base having a 
salinity equal to that existing when they were 
ejected from the sea (i.e. equilibrium at RH 
98 %). From the time of their production to 
the time when they enter cloud base, this 
group of particles could thus cause no net 
change in the total heat of the sub-cloud air. 
After being carried upwards to various alti- 
tudes in the clouds, the particles are mixed 
or fall into the dryer inter-cloud air and 
eventually fall back into the sub-cloud layer 
as relatively dry salt particles. The heat 
required to vaporize the water from the 
group-two particles is thus derived from 
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high in the cloud-layer air. The quantity of 
latent heat released in the sub-cloud layer by 
condensation as these particles re-enter the 
layer, will be inversely proportional to their 
salinity as they subsequently fall into the sea 
or re-enter the clouds. In this cycle of vertical 
motions group-two particles will cool the 
cloud layer air and will warm the sub-cloud 
air, adding to the instability of each. 

With the above model in mind, the author 
will now try to show that the range of in- 
crease of potential temperature observed in 
converging lower air in hurricanes may be 
computed, at least in part, from the quantities 
of salt found in these storms. 


3. Sea salt in lower air 


During the tropical storm which passed 
near Miami, Florida on September 22, 1949, 
the author made measurements of the aver- 
age weight and number of the salt particles of 
certain size ranges present at an altitude of 
40 meters above the sea at Hillsboro Light- 
house (Woopcock, 1950). Fig. 3, curve 12, 
shows the number and size of the salt particles 
found, presented as a cumulative-number 
distribution curve. For comparison other 
observations are shown which were made 
from aircraft at cloud levels in trade-wind 


SEA-SALT PARTICLES (m3) 
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Fig. 3. Cumulative number distribution curves for aver- 
aged obsrrvations during wind forces 3, 5, 7 and 12. 
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Fig. 4. Averaged cumulative per cent weight distribution 
of sea salt particles. Curve 12 represents hurricane 
conditions, and is taken from the measurements averaged 
in curve 12 of Figure 3. Curve 7 represents the averaged 
force 7 wind data given on line 7 of Figure 3. The 

rectangular areas are interpreted as follows: the range 
between 8,000 and 24,000 u gram particles (curve 12) 
contains about 20 per cent of the total weight in all of 
the particles measured. The curved lines are drawn 
through the points which represent the weight limits of 

each weight range. (See text for further discussion.) 


areas under more moderate wind conditions. 
The broken portion of curve 12 is a reasonable 
extrapolation, based upon the author’s wide 
experience in salt-aerosol sampling.! 


! The hurricane samples were unfortunately taken 
prior to the development by the author of the “multi- 
strip sampling’’ technique (Woopcock, 1952). This 
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The cumulative number distribution curve, 
which was originally derived from thirty-one 
size range measurements, was divided into 
fourteen weight ranges in accordance with the 
convenient size steps of the Porton eyepiece 
graticule (May, 1945). The product of the 
total number in each weight range and the 
median-number weight, approximates the 
weight of salt in each range. The ratios of 
these individual weights to their sum were 
used to derive the cumulative per cent weight 
distribution values shown on Figure 4. The 
sum of weights of sea salt represented by the 
force 12 curves on Figures 3 and 4 is 1.2 mg 
m-3, As a test of the accuracy of this weight 
estimate, a further division of each of these 
fourteen steps into five, making a total of 
seventy size ranges, increased this value by 
only 0.1 mg m~*. Thus curve 12 of Figure 4 
is, for present purposes, a close approximation 
of the total salt represented by curve 12 of 
Figs3: 

On Table I, column ı shows the particle 
weights represented by curve 12 of Figure 3, 
divided into 20 weight range categories. 
Each of these weight ranges contains about 5 
per cent of the total mass of sea salt present in 
all of the particles. The particle weights were 
taken from curve 12, Figures 3 and 4 as 
follows: Note on curve 12, Figure 4, that the 
salt particles in the weight range of about 
320 to 1,200 wu grams contain about $ per 
cent of the total salt. In this weight range the 
cumulative number distribution curve (on 
Figure 3) crosses the mid-point of this selected 
s per cent interval at the nuclei weight of 
about 600 u grams. This and other similarly 
derived nuclei weights are shown in column 1 
of Table I. Columns 2, 3 and 4 of Table I 
give the radii and the rates of fall of these 
nuclei as relatively dry salt particles. 

Amounts of salt near cloud-base altitudes 
have been found to be about the same as 
those a few hundred feet over the sea surface, 
under a wide range of wind conditions. On 
the assumption that a similar mixing of 


sampling method which utilizes the low sampling effi- 
ciency of wide slides or “ribbons’’ (LANGMUIR, 1945), 
makes it possible to selectively sample the large sparsely 
distributed nuclei, despite the presence in the air of 
great numbers of the small nuclei. See the discussion 
section of this paper for further remarks about salt in 
hurricane winds. 
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LAB ET 


The sea-salt particle distribution represented by curve 12, Figure 3, 


divided into 20 equal weight 


categories. The nuclei weights given in column I are those of the median number particle and are 
used to compute the distribution of salt and condensed water at severals levels in the atmosphere. 
Inital weight of salt in each 5 % interval is 60 4 gms m-°. See the text for more information. 


Sea-salt nuclei as crystalline 
particles near sea surface 


Sea-salt nuclei as droplets upon 
arrival at cloud base 


Amount of salt 


Amount of f Wt. 

Weight Radius | Fall Rate {salt falling] Radius | Fall Rate| _ © water falling in = 

10-129 7 nn Sao Bean u cm. sec? u gms.m-2 sec-1 size range 

= | salt Nevate Keen ; 

I ZEIT ae al LUS ee ee dise 

50 1.8 0.084 0.05 9 1.0 0.6 36 60.5 
600 4.0 0.42 0.2 7 3.5 22 74 61.9 
1,750 5.8 0.86 0.52 22 5.8 37 90 63.0 
3,200 7.0 27 0.76 26 8.0 5.2 113 64.5 
4,800 8.0 1.63 0.98 29 9.7 6.3 128 65.4 
7,100 9.2 2.15 1.29 32 11.4 7-5 137 66.0 
9,900 10.2 2:72 1.63 35 13.4 9.0 147 66.8 
13,100 1142) 3.25 1.95 37 15.0 10.2 155 68.2 
16,700 722 3.85 2.31 40 m7 11.8 170 69.5 
21,800 13.3 4.50 2.70 42 19 13.4 177 79.7 
28,000 14.5 5.45 327 45 22 15.6 196 7223, 
36,000 en 6.40 3.84 48 24 17.7 210 73.9 
44,000 16.8 7.30 4.38 51 26 20.0 224 75.6 
54,000 18.0 8.40 5.04 54 29 224 244 77.4 
68,000 19.4 9.70 5.82 57 32 25.4 257 79-5 
88,000 21.2 11.6 6.9 61 36 29.9 293 83.0 
114,000 23.0 13.8 8.3 65 40 33.8 307 85.6 
152,000 25.4 16.7 10.0 70 44 39.2 331 89.0 
223,000 29.0 22.0 moe 77 50 46.7 345 93.5 
410,000 35.4 33.0 19.8 90 63 68.5 441 108.7 
93.0 379-1 4,075 1,495.0 


aerosols exists in hurricanes, the quantity of 
salt derived above can be used to estimate 
amounts carried upwards by clouds. 


4. Transport of salt by ascending clouds 


Using a reasonable average rate of rise of 
air in the cumulus clouds of 4 m sec"! (Mar- 
kus) and a weight of salt at cloud base alti- 
tudes of 1.2 mg m, the estimated ascent 
of salt is 4.8 mg m”? sec. 

What proportion of a storm area contains 
such actively growing cumuli? Wexler found 
in a study of numerous radar (PPI) scope 
photographs of hurricane spiral rain bands, 
that the width of these bands was about the 
same as the width of the spacing between 
them (WEXLER, 1947). If these rain bands 
roughly delineate the size of the areas of major 
ascent of moist cloud air, one might estimate 
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that the areas of ascent are about the same 
size as the areas between. 

It seems excessive to suppose however 
that one-half of a storm area contains actively 
ascending cloud material. A more conservative 
ratio of active cloud area to relatively clear 
inter-cloud area of one to ten is tentatively 
used. Sea salt ascending in the clouds at a rate 
of 4.8 mg m”? sec~ will, on this assumption, 
be sufficient to produce an average fall over 
ten square meters of 0.48 mg m”? secu}. 

What proportion of this salt is subtracted 
from the cloud layer air, by the various rain 
mechanisms (MIYAKE, SUGUIRA, 1950) (Woop- 
COCK, 1952) (Woopcock, BLANCHARD, 1955) 
which cause the salt particles to be carried 
back to the sea in solution in the falling rain- 
drops? Miyake and Suguira (1954) have shown 
that the rate of precipitation of chloride during 
the passage of typhoon “Kitty” in Japan ranged 
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TABLE 2 
Rates of fall of sea salt in hurricane at equilibrium concentration at different relative 
humidities.* Quantities of salt taken from Table I, column 1 and from Figure 4. 
RH 90 % RH 96% RH 98% 
Wt. of sea S it 
salt in Particle | Particle Sine Particle | Particle Pe Particle | Particle Line 
particles radii |fallrate| ° = radii | fall rate bb = radii | fall rate u gms 
TOR PIE u cm sec-1 Da cisece Hs ei u cmlsecz 
50 4.2 0.3 107 5.3 0.4 0.2 70 0.6 0.4 
600 9.6 te 0.8 2ER 1.9 AE 15. 3.0 1.8 
1,750 13.6 2.5 1.5 17.4 3.9 2:3 22.6 6.0 3.6 
3,200 16.7 3.7, 222 21.2 5.7 3.4 277 8.8 5.3 
4,800 19.0 4.8 2.9 24.3 7.4 4.4 Bis 11.3 6.8 
7,100 DIRT, 6.1 3.7 2720 9.3 5.6 36.2 14.5 8.7 
9,900 24.2 7.6 4.6 31.0 11.5 6.9 40.5 17.8 10.7 
13,100 26.6 9.0 5.4 34.0 13.6 8.2 44.5 21.0 12.6 
16,700 28.8 10.4 6.2 37.0 15.0 9.0 48.3 24.5 14.7 
21,800 31.5 12.4 7.4 40.0 18.2 10.9 52.5 28.5 GEE 
28,000 34.2 14.5 87 44.0 21.5 12.9 57.5 32.7 19.6 
36,000 37.2 17.0 10.2 47.5 25.0 15.0 62.5 37.0 2272 
44,000 39.8 18.8 7T.3 51.0 28.5 THE 66.6 41.0 24.6 
54,000 42.6 21.6 12.9 54-5 31.7 19.0 72.0 46.0 27.6 
68,000 46.1 25.0 15.0 59.0 36.0 21.6 77-5 51.0 30.6 
88,000 50.2 29.0 17.4 64.0 40.0 24.0 84.0 57.5 34.4 
114,000 54.7 33.0 19.8 69.8 46.0 27-0 92.0 65.0 39.0 
152,000 60.3 39.0 23.4 76.5 53.0 31.8 102.0 74.5 44.7 
223,000 68.5 46.5 27.9 87.5 63.0 37.8 113.0 84.0 50.4 
410,000 83.9 62.0 37.2 110.0 84.0 50.4 140.0 108.0 65.0 
2077 308.2 439.8 


* It is assumed here that the amount of salt is constant as the RH is varied. The original data (Woopcock, 
1950, p. 398) are inadequate to test this assumption. Sampled amounts of salt differed by a factor of 2.4, 
while the RH varied from 82 % to 91 %. These RH values are thought to be too low however, due to the 
necessity to expose the thermometers inside the lighthouse enclosure (with several windows open). Thermom- 
eters exposed outside were immediately coated with a briny film, thus making the readings uncertain. 


from about 0.003 to 0.08 mg m”? sec-1, with 
an average of about .o2. This range of values 
agrees very well with one estimated from the 
average rainfall in moving storms (RIEHL, 1954, 
p. 295) and from the chloride concentration 
in typhoon and hurricane rains (MIYAkE, 
SUGUIRA, 1954) (HARRISON, WILLIAMS, 1897). 

Thus the estimated fall-out of chloride 
transported up in the clouds (about 0.27 mg 
m? sec!) exceeds by a factor of more than 
ten the average observed rate of chloride 
fall in rains. 

If, for the moment, one assumes that 
within the storm area suflicient salt has been 
carried up in the clouds to establish a steady 
state, then the average fall of briny particles 
through the relatively clear inter-cloud air 
(Sp) is simply derived as follows: 


> (1) 


where Sy =sea salt falling (mg m? sec-1) 
Sa = sea salt ascending in clouds (4.8 mg 
mir? sec) 
S, =sea salt carried down in rains (0.04 
Ine mn see) 


Using equation (1) it is found that a fall- 
out of salt aerosols from the inter-cloud air 
of about 0.44 mg m”? sec”! should occur. (It 
will be noted that this quantity is very similar 
to the fall of salt computed on Table 2 from 
the observed values. This similarity is presum- 
ably due to a realistic choice of variables in 
estimating fall-out from the inter-cloud air.) 
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Sea-salt particle-growth curves at various fractional humidities and a temperature of 25 C. Multi- 


plication of t by the cube root of nucleus mass, and of o by the nucleus mass raised to the 2/3 power, converts 

coordinates to droplet radius in microns and time in seconds (from Keirn and ARONS, 1954). The dashed lines 

have been added by the present author to estimate the time required to establish various fractions of the equilib- 
rium volume of the droplets. 


When the salt particles fall from the relatively 
dry inter-cloud air into the moist sub-cloud 
air, condensation occurs and heat is released. 


5. Heating of unsatured sub-cloud air by 
condensation on falling salt 


The amount of water which will condense 
(Wr) as the falling salt particles enter the moist 
air, is computed from the equation 


I 
Wı=Sr- (2) 


where W, is expressed as mg m”? sec”? 
S,=weight of salt falling (mg m? 
cu) 
c =concentration of sea salt in par- 
ticles by weight fraction (from 
Arons and KIENTZLER, 1954). 


Utilizing the relationships given in equation 
(2) and the salt fall-out, the weights of con- 
densed water were computed. The heating 
of the air resulting from this condensation was 
then derived as follows: 


T=m;/C, (3) 
Tellus X (1958), 3 


where T =temperature change (°C gm-1sec-1) 
m =weight of water condensed (gms 
Sr ec 
L =latent heat of vaporization of water 
(585 cal gm!) 
C, =specific heat of moist air (0.245 cal 
gm’) 

Assuming that 0.44 mg m? sec! of sea 
salt are falling from an air layer having a RH 
of < 74 per cent,! into regions where the RH 
is 90, 96 and 98 per cent, equation (2) is used 
to derive the amount of water condensed. 
In so doing the data on Figure 2 are used. It is 
found that water is condensed at a rate of 
12.6 mg m ? sec~}, if the moist layer RH is 
98 per cent, 5.9 mg m? sec-t if it is 96 per 
cent and 2.9 mg m”? sec”, if it is 90 per cent. 
This assumes that a steady state exists and 
that condensation on all particles proceeds to a 


LIn a recent series of temperature soundings by the 
Woods Hole Oceanographic Institution aircraft (August 
1956), the relative humidity in the clear air above 5,500 
feet was 72 per cent or less in several locations in the 
West Indian region. It is supposed that it is the more or 
less normal trade-wind air and clouds of this time of 
year which are drawn into tropical cyclones (see dis- 
cussion of this point by Wexler, 1947). 
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state of vapor pressure equilibrium in the 
moist air. In the time required to fall 200 
meters, most of these particles will reach 
more than 90 % of their equilibrium size at 
these relative humidities (see Fig. 5; GuNN 
and KINZER, 1949; and Stoke’s law). 

The computed heating of the moist layer of 
air resulting from the above amounts of 
condensed water, utilizing equation (3), is 
shown in Table 3 below. The degree of this 
heating in any given mass of air depends of 
course upon the average relative humidity 
there. The air-layer depths selected for tabula- 
tion! lie in the range of those reported for 
the sub-cloud layer in tropical storms. It is 
this layer which contains most of the air 
spirally converging upon the rain-area. The 
extent to which the assumed relative humidi- 
ties of this air are realistic is uncertain. Similar 
high values have however been reported and 
utilized in other hurricane studies (see TANNE- 
HILL, 1943, Fig. 10; SIMPSON, 1947, and 
RIEHL, 1954, Fig. 11-29). 

Riehl has indicated the potential temperature 
as a function of surface pressure in hurricanes 
(RIEHL, 1954, p. 287). It is concluded from 
his study of available data that the average 
pressure drop is about so mb, and that the 
average amount of sensible heating of the 
converging air is about 4° C. 

Using Hughes’ Figure 8 (HucHEs, 1952), 
which shows the average trajectories and rates 
of convergence of surface air to a point within 
0.5° latitude (30 nautical miles) of the moving 
storm center, it is estimated that the heating 
of this air occurs in from 12 to 22 hours, 
with an average of about 18 hours. In other 


* A cubic meter of air is assumed to weigh one kilo- 
gram. No corrections have been made in this paper 
for pressure effects upon particle distributions or fall 
rates, since the condensation processes discussed are 
thought to occur largely at low altitudes. 
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words 4°C is the approximate temperature 
increase in the air within the range of time 
required for it to move into the 0.5° latitude 
point from a distance of 240 nautical miles 
out from the center. On Table 3 it can be 
seen that the latent heat released due to con- 
densation upon salt particles produces tem- 
perature increases which range from about 
0.5 to 9°C, depending upon the time used, 
the average relative humidity of the sub-cloud 
layer and the thickness of this layer. It is as- 
sumed of course that the high relative humid- 
ities are maintained by evaporation from 
the sea surface. As a rough first approximation, 
the similarity of this range of heating computed 
from the salt fall-out, to the range given in 
Riehl’s study (see RıEHL, 1954, p. 287), en- 
courages further work in this direction. 


6. Effects of salt fall-out from undiluted 
aerosols 


The fall-out of salt into the moist lower air 
from the cloud layer will not, of course, be 
in a steady state, since the clouds which 
transport most of the salt are so unsteady 
(KEssrER) (Simpson). In order to estimate 
the average heating effects of this salt fall 
upon the sub-cloud layer as a whole, it was 
necessary in the previous section to assume a 
steady state and a ten times dilution of the 
salt transported by the clouds. It is of interest 
to consider some effects, of shorter duration, 
which might arise in areas where the aerosol 
population might remain undiluted. In order 
to do this it becomes necessary to estimate the 
aerosol concentrations to be expected in inter- 
cloud areas near active cloud systems. 

Below it will be shown that condensational 
growth of the salt nuclei in ascent to cloud 
base and within the clouds will result in a 
“compression” of their spacial distribution. 


TABLE 3 


Computed air temperature increases, in layers of 
various vertical thickness, due to condensation on falling salt 


Height of layer 


Meters RH 90 
200 1.0 
400 0.5 


Air temperature increase in 18 hours (°C) 


| RH 96 | RH 98 
2.9 9.4 
1.5 4-7 


| 
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LATENT HEAT IN TROPICAL STORMS 


The largest increase in concentration occurs 
as the nuclei fall from the clouds into relatively 
dry inter-cloud air. The cloud and its local 
environment thus become an area of concen- 
tration of salt. 


a) Ascent of salt-laden air to cloud base. Col- 
umns 5 through 9, Table I, show the changes 
which occur as a result of the lifting of air 
from near the surface up to cloud base. 

The radii in column $ are taken from the 
sea-salt nuclei growth measurements of Kieth 
and Arons, and they represent the sizes of 
the salt particles of column 1 at cloud base, 
assuming dry adiabatic ascent at a rate of 
one meter per second (see Figure 6).1 The 
rates of fall of individual particles, which are 
given in column 6, are taken directly from 
Stoke’s law and, for the larger particles, 
from the measurements of Gunn and KINZER 
(1949). The amounts of sea salt which are 


1 The conditions assumed in deriving the droplet 
sizes given in Figure 6, are not strictly applicable to the 
present case. However the error, in computed particle 
size at cloud base, which results from these differences in 
conditions is not significant here. 
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Fig. 6. Calculated radius of sea-salt droplets at cloud 
base (RH 100 per cent), as a function of nucleus mass 
and rate (taken from KEITH and Arons, 1954). 
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falling, are given in column 7, and are the 
product of the fall rate (column 6) and the 
quantity of salt in the size ranges concerned 
(column 9). The amounts of water falling 
are a product of the amounts of salt falling 
(column 7) and their concentration, expressed 
as grams per gram. (These rates of fall of salt 
and water represent fall relative to the air.) 
Finally, column 9, which indicates an increased 
amount of salt in the air, is a product of the 
initial amount of salt passing unit area per 
second and the quantity one over the rate 
of ascent of the air minus the rate of fall of 
the particles. 

More definitely expressed, this relationship 
becomes: 


W = w' 


v-u (4) 
where W=wt. of sea salt m? of air 
w’ =wt. of sea salt crossing each m-? 
per second (u gms) 
v =rate of ascent of air (m sec-1), and 
u =rate of fall of the particles (m 
seer): 


In each case w’ is fixed, in any column of 
air ascending at a steady rate, by the initial 
quantity of salt of each size range in the air 
as it rises from near the sea surface, by the 
fall rate of the particles and by the rate of 
rise of the air. This means that within an 
ascending column of air the weight of salt 
passing each square meter of horizontal sur- 
face, which is fixed in reference to the ground, 
is constant. It is assumed here that there is a 
horizontal homogeneity in the salt aerosol 
population. 

Thus it seems, from the results in column 9, 
that the adiabatic ascent of moist air containing 
salt particles, will cause a concentration or a 
compression of the particle distribution. This 
compression is due to the condensational 
growth of the particles and to their conse- 
quent increased fall rate (in Table I, compare 
columns 2 and 3 to columns 5 and 6). It can 
be seen in equation (4) that the changing rela- 
tionships between the rates of rise of the air 
and of the particles, alter the salt particle 
concentration. 

An increase in the amount of salt with in- 
creasing altitude in the sub-cloud layer of 
the trade-wind atmosphere was first reported 
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Fig. 7. Sizes of salt particles after given times in cloud: — 
including growth in coming to cloud base at r m/sec 
rise. (From KEITH and ARONS, 1954, see text). 


by LODGE (1955) and has been subsequently 
occasionally observed by the author while 
making nuclei measurements for other purposes. 
These observations are not adequate to be used 
here as a test for the computed increase in 
salt with altitude. Such test measurements are 
planned in the future, using the recently devel- 
oped airborne flame photometer (Woop- 
COCK, SPENCER, 1957) in conjunction with 
the glass-slide sampling method (Woopcock, 
1952). 

(b) Ascent of salt-laden air in cumuli. In the 
trade-wind areas the cumulus clouds are the 
major mechanism bringing about the transport 
of surface air from near cloud base altitudes 
upwards into the cloud layer (Markus, 1956) 
(Rıenr et al., 1951). We now assume that the 
clouds serve a similar role in the lower air 
spiraling into hurricanes, and determine the 
change in salt particle size and concentration 
as the air rises in these clouds and into the 
inter-cloud regions. 

Figure 7 shows the radii of the various 
weights of sea-salt particles as a function of 
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time of exposure in -cloud air, assuming a 
relative humidity in the cloud of 100 per cent. 
These growth rates were derived for the author 
by C. H. Kieth, and are based upon his ex- 
perimental determination of the condensa- 
tion on sea-salt nuclei (KIETH, ARONS, 1954). 

In Table 4, the droplet radii shown in 
column 2 are taken from the 1,000 second 
curve of Figure 7. At the rate of ascent assumed, 
this is about ‘the time required for an air 
parcel to rise from cloud base to the top of a 
cloud of medium vertical development. Equa- 
tion (4) is again applied to the different condi- 
tions in the cloud, in order to determine the 
additional “compression” of the particle dis- 
tribution due to the changed relative motions. 
In this case, however, W is determined b 
the quantity of salt in the air at cloud base 
and by the increased values for particle fall rate 
and rate of rise of the air in the cloud. The 
sums of the quantities in column 6 of Table 
4, show that the calculated amount of salt 
per unit volume of air has again been in- 
creased by ascent in the cloud, as it was in 
ascending in the sub-cloud layer. Comparison 
of columns 4 and 5 of this table to columns 4, 
7 and 8 of Table I, show that there has also 
been a marked increase in the rates of fall of 
salt and water with reference to the ascending 
air. 

(c) Fall-out of salt particles from cloud into 
clear air. As the large salt-containing droplets 
in the cloud (column 2, Table 4) fall or are 
mixed into the clear environmental air, evap- 
oration occurs and the resulting alteration of 
particle settling rate again compresses the 
distribution. This compression is derived as 
follows: 


W = W. U’ (5) 


where W’=wt. of sea salt in the clear air (y 
gms m *) after evaporation to 
equilibrium has occurred 

W.=wt. of sea salt in cloud (column 6, 
Table 4) in u. gms m? 

U =particle fall rate as droplet in 
cloud (column' 3, Table 4), in 
cm sec! 

U’=particle fall rate after evaporation 
to equilibrium in clear air, in cm 
Sécu 
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TABLE 4 


Alterations in the distribution of the salt particles represented by curve 12 figure 3, upon ascent 
in a cumulus cloud and upon falling out of the cloud into clear inter-cloud air. 


m EEE u 


Sea-salt nuclei as cloud droplets after 1000 seconds 


in cloud; R. H. 100 %; rise rate 4 m 


Droplets fall into clear air at 
cloud levels where R.H. < 
74 % and evaporate to a 
crystal state 


sec-1 


Tao Amounts of salt | Wt. ofsalt 
see of Cloud Cloud and water falling LA Salt Bartels Wt. of salt 
sea-salt droplet droplet hai particle in each size 
particles radius fall rate u gms. m-? sec? ar radius rie range u 
10-12 g u ath ae 5 range ‘ cm. secs! as ER 
salt | water |ugms.m=: | l re 
I een a u ae i ar oe | re PETER 
50 19 4.4 2.7 1,545 61 1.8 0.084 2,980 
600 2 11.6 723 1,663 63 4.0 0.42 1,710 
1,750 40 17.5 11.4: 1,739 65 5.8 0.86 1,320 
3,200 45 22.0 14.7 1,775 67 7.0 1.27 1,130 
4,800 50 25.5 17.4 1,823 68 8.9 1.63 1,075 
7,100 54 29-5 20-5 1,869 70 9.2 2.15 925 
9,900 58 33.0 23-2 1,887 71 10.2 272 863 
13,100 62 36.5 26.5 1,983 72 CE? 3.25 825 
16,700 65 39.5 29.2 1,981 74 ae) 3.85 770 
21,800 68 42 31,5 1,868 75 TGR 4.50 685 
28,000 2 46 35-4 1,935 77 14.5 3-5 656 
36,000 76 50 39.5 1,980 79 15.7 6.4 618 
44,000 80 54 44.2 2,106 82 16.8 725 600 
54,000 83 87 47-9 2,077 84 18.0 8.4 577 
68,000 88 61 53.0 2,277 87 19.4 9.7 546 
88,000 2 65 58.5 2,III 90 2182 11.6 508 
II4,000 98 70 68.8 1,021 93 23 13.8 465 
152,000 104 76 74.5 2,225 98 25.4 16.7 440 
223,000 113 84 87.4 2,273 104 29.0 22.0 398 
410,000 128 97 1010783 2,403 121 35.4 33.0 362 
8II 39,341* 1,602 17,453 


* This fall rate, expressed in more familiar terms, is about 0.04 mm hr}, which is near the minimum 
measured within trade-wind orographic clouds (BLANCHARD, 1953). 


Column 9 of Table 4 shows that a “com- 
pression” of salt concentration of about one 
order of magnitude would result if evaporation 
to a crystalline state in the clear air occurred 
with a continuous source of cloud particles 
allowing the establishment of a steady-state 
condition. The total rate of fall of salt in the 
clear air is the same as that in the cloud, for 
the product of the fall rate and the salt con- 
centration, columns 8 and 9 of Table 4, can 
be seen to equal the values in column 4. In 
other words the conservation of mass principle 
is assumed to apply here, so that the number 
of particles falling into the top of a given 
column of air in a certain time interval must 
equal the number falling out at the bottom 
of this column in the same interval. 

Thus the ascent of salt-laden air from near 
the sea surface to cloud base altitudes, its 
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ascent in cumulus clouds and its final passage 
into the clear cloud-level air, tend in each 
case to increase the quantity of salt in the air. 

As previously mentioned, an increase of 
salt with altitude is sometimes observed in 
the sub-cloud layer. Recent use of an air- 
borne flame photometer in trade-wind clouds 
has indicated that the average salt (sodium) 
content of these clouds is sometimes higher 
than the average salt content of the air below 
cloud base (Woopcock, SPENCER, 1957). 
No data are available however on the nuclei 
present in the clear air at cloud levels at times 
or at places where an inter-cloud increase in salt 
might have been encountered. Observations 
aimed specifically at exploration of the salt 
nuclei gradients in the lower trade-wind 
atmosphere during storms are needed to test 
the above calculated gradients. 
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The computed and observed increase with 
altitude in the amount of salt particles in the 
air encourages some calculations concerning 
the possible effects of these particles in altering 
the distribution of water vapor and tempera- 
ture as they fall, in undiluted concentration, 
from the higher levels towards the sea. For 
convenience in making the calculations of 
salt fall-out in inter-cloud air, it is assumed 
that the ascent of new masses or bubbles 
(SCORER, LUDLAM, 1953) of cloud materials 
is frequent enough to produce a relatively 
steady source of the larger salt particles, which 
supply the greatest amount of falling salt 
(see column 4, Table 4). With a markedly 
transient cloud source of the falling particles, 
the wide range of fall speeds present among 
these larger particles (see column 8, Table 4) 
would soon cause a diminishing concentration 
in the clear air as the larger particles fell away 
from the smaller. 

Of course the droplet population of a signif- 
icant volume of a cumulus cloud is not 
likely to have been exposed to saturated condi- 
tions for exactly 1,000 seconds as was assumed 
in Table 4. However, for the rate of rise 
assumed here, exposure times in ascending air 
parcels of about 500 to perhaps 1,500 seconds 
seems reasonable for the clouds concerned. 
On Figure 7 and Table 4 it can be seen that 
this range of exposure duration is not sufficient 
to cause droplet size differences, for any given 
particle weight, which would markedly alter 
the particle-concentration effects discussed 
here. The important requirements are that 
droplets of the approximate sizes given be pres- 
ent in the clouds and that they form on salt 
particles having weights approximating those 
given. No reference to measurements of the 
droplet size distribution of marine cumuli in 
tropical storms has been found in the literature. 
However, Squire’s results in Australian and 
Hawaiian maritime clouds during moderate 
winds (Squires, GILLESPIE, 1952) (SQUIRES, 
WARNER, 1957) are consistent with the com- 
puted drop size distributions given here. The 
effects of coalescence of droplets upon size 
distribution and in increasing rates of fall 
were not considered above. Introduction of 
these complicating effects would serve only to 
increase salt fall-out, which for present pur- 
poses is shown to be adequate. 

The purpose of the above computations of 
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the compression effects of ascent and growth 
upon salt particle concentration was to show, 
in the section to follow the local heating 
effects of fall-out of salt from areas of undiluted 
aerosol concentration. In estimating these 
effects in the sub-cloud layer as a whole, it 
will be remembered that, in section 5 above, 
a dilution of the cloud-borne salt by a factor 
of ten was assumed. 

(d) Altered vapor and temperature distribution 
in cloud layer. When the particles fall from 
the cloud into the inter-cloud air having a 
relative humidity less than 74 %, evaporation 
to relative dryness will occur. The diminishing 
droplet size causes a sharp reduction in rate 
of fall of individual particles (see column 8, 
Table 4). However, the great increase in 
the salt concentration in the air, shown in 
column 9, will cause the total rate of fall of 
salt m”? sec”! in each weight range to remain 
the same as it was in the cloud—note for 
instance that the product of the fall rate and 
the weight of salt in each size range (columns 8 
and 9 of Table 4) is equal to the quantities 
in column 4. The sum of these quantities can 
be seen to be 811 u grams of sea salt falling 
per square meter per second. 

If, in falling towards the sea, this mass of 
salt moves out of the dry air (RH < 75 per 
cent) and into a layer where the RH is 90 
per cent, condensation will occur on the 
particles, heat will be released and water will 
be carried downward. Upon subsequently 
falling out of the moist layer and into a dry 
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Fig. 8. Condensation and heating in moist layer of air 
of so m depth, during initial 100 seconds after entry 
into layer of salt particles falling from dry air. (See text 
for more information.) 
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TABLE 5 


Amounts of water condensed on salt particles 100 seconds after they fall into saturated 
air from dry air (RH < 74 %). 


PORN SAV N jo, à. | 


Total amounts 
of salt falling 
u gms m? sec-1 


Sea-salt particle 
weight 
10-12 g 


Particle radius 
after 100 seconds 


Amount of water 
falling after 100 
seconds 
u gms m ? sec! 


Particle fall rates 
after 100 seconds 
cm sec-t 


À MP Re St, 


50 27 12.5 251 o 

600 73 21.5 6.0 He 
1,750 I1.4 26.5 9.0 491 
3,200 14.7 30.0 Tan 503 
4,800 17.4 33.0 13-5 526 
7,100 20.5 36.0 15.8 542 
9,900 23.2 38.5 17.8 539 
13,100 26.5 41.0 20.0 569 
16,700 29.2 42.5 2183 539 
21,800 31.5 45.0 23.8 517 
28,000 35.4 47.0 25.5 521 
36,000 39.5 50 28.7 541 
44,000 44.2 52 31.0 989 
54,000 47-9 59 SI 572 
68,000 53-0 58 36.4 585 
88,000 58.5 61 39.0 579 
114,000 68.8 64 42.0 596 
152,000 74-5 69 47.0 592 
223,000 87.4 53.5 598 
410,000 LEGS 86 64.0 641 
811 10,942 


layer, evaporation will occur, the dry layer 
will be cooled and water vapor added. Thus the 
passage of salt-bearing particles down through 
the atmosphere will act to warm and dry 
the moist layers and to cool and moisten the 
dry layers. The heat released and the water 
transported by this process is estimated as 
follows. 

The particles represented by column 4, 
Table 4, upon falling from dry air into 
saturated air, will cause condensation of about 
11 mg of water m ? sec"! during the first one 
hundred seconds of their fall through the moist 
air. This quantity was derived as shown in 
Table 5, using the information given in 
Figure 5. Other quantities were obtained in 
this manner for unsaturated air layers. The 
results are given in Figure 8. 

Since the condensation in the first one 
hundred seconds will occur in an air layer of 
about so meters of vertical thickness, or less 
(see fall rates, Table 5), we can estimate the 
average heating of this layer. Using equation 
(3), it is found that the condensation rates 
given on the lower scale of Figure 8 will 
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heat so kg of air by the amounts given on 
the upper scale. This range of rates of release 
of latent heat is equivalent to the wet-adiabatic 
lifting of the lower air at 3 to 10 cm sec-1. 

Thus fall-out of undiluted aerosols can 
produce greater amounts of local heating 
than those estimated for the sub-cloud layer 
as a whole (Table 3). It is suggested that this 
heating may be an important factor in the 
production of instability, especially in those 
cases where moist parcels of air are trapped 
by overlying layers of stable air. 

Thus a significant transport of water and 
release of heat can occur at relative humidities 
of roo per cent and less as sea-salt aerosols fall 
through layers of air of different relative humid- 
ities. Of course the actual amount of water 
condensed would be somewhat less, due to 
the slow lowering of the relative humidity 
of a moist layer, of specific vertical extent, as 
water is removed and latent heat released. It is 
supposed that such lowering of the relative 
humidity is, in many cases, reduced or prevent- 
ed by ascent due to the heating of the air. 

It may be useful to point out a further effect 
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of the fall-out of salt particles through the 
moist air of the cloud layer. Their tendency to 
establish vapor pressure equilibrium at each 
level should act to equalize the relative water 
vapor distribution. À trend towards constancy 
of relative humidity would result from the 
fact that in air over sea-salt solutions of constant 
salinity, the relative humidity changes very 
little with temperature. Note on Figure 2 for 
instance, that the relative humidity over a 
sea-salt solution, which is 8o % chloride, is 
91.3 % at ten degrees and 90.4 % at twenty- 
five degrees. Particles falling through air layers 
of differing relative humidity will add water 
to the relatively dry levels and subtract water 
from the relatively moist levels. The trend 
will always be towards a more constant 
droplet salinity and hence a more constant 
relative humidity. To what extent this effect 
is traceable in the trade-wind or tropical- 
storm atmosphere is as yet unknown. 


7. Accuracy of measurement of salt particles 


The isopiestic method (GLASSTONE, 1940) 
for measuring the weights of salts in solution 
in small droplets is considered sufficiently 
accurate as applied to the problems discussed 
here. Figure 9 shows several test comparisons 
of weights of chloride measured by titration, 
using a microburette to measure the silver 
nitrate solution, and by the isopiestic method 
(Woopcock, 1950) (WOODCOCK, GIFFORD, 
1949). The error of the titration was less than 
plus or minus 10 per cent. Twomey (1954) has 
recently demonstrated the close correspond- 
ence of the individual salt particle sizes deter- 
mined. isopiestically and by the chemically 
sensitized film method of Seery (1952). It 
should be noted that experimental application 
of the isopiestic method above a relative 
humidity of about 90 per cent apparently 
introduces an error which becomes increasingly 
significant as 100 per cent is approached 
(CROZIER, 1954). 


8. Discussion 


In evaluating and expanding upon the fore- 
going explanation for the relatively constant 
temperature of the surface air in hurricanes, 
consideration of the following questions seems 
useful at this time. 

a) Will the fall speed of the salt particles in 
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Fig. 9. The quantities of airborne salt collected by im- 

pingement on one mm wide strips and measured directly 

by precipitation with silver nitrate and indirectly by 
the equal pressure method. 


the inter-cloud air be sufficient to bring them 
down to the sub-cloud air before they are 
carried out of the storm area by radial winds? 

The data on Table ı show that the particles 
which contribute most to the salt fall-out, 
descend as crystalline nuclei (RH < 74 %) 
at rates of several hundreds to one thousand 
meters per hour. They will soon fall back 
from the inter-cloud to the sub-cloud layers, 
if they are not carried up into the regions of 
rapid out-flow at high levels. This conclusion 
is based upon Rırar’s evidence (1954, p. 303) 
that the radial wind speeds at intermediate 
altitudes are low, and vacillate between inflow 
and outflow. At the upper levels high out- 
flow rates will probably carry the particles 
far out from their areas of origin. The question 
of the role of the fall-out of these dispersed 
particles in the release of heat in moist pe- 
ripheral regions of storms, such as those in 
the lower atmosphere in advance of Edna 
and Tone (Kesster, 1957), will be investiga- 
ted in a later study. 

b) Are observed rates of radial inflow of 
surface air adequate to replace the ascending air 
required to transport the salt up in clouds? 

In section 2 of this paper it was simply 
assumed that cumulus clouds in a hurricane 
carry aloft sufficient surface air and aerosols 
to maintain a certain average or “steady state” 
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salt fall through the inter-cloud area. This 
assumption seems questionable however, if it 
is supposed that there is no interchange of air 
between the cloud and sub-cloud layers, and 
that each mass of rising air in the clouds is 
replaced by an equal mass of converging 
sub-cloud air. This question is elaborated in 
the following discussion. 

Converging sub-cloud air in tropical storms 
is thought to equal in mass the air which 
ascends in the cumuli and which eventually 
flows radially outwards at higher levels (RIEHL, 
1954). Observations of radially converging 
lower air, which might be compared to the 
above estimates of the amounts of ascending 
air needed to carry the load of salt aerosols, 
are not available for individual storms. How- 
ever, in Hughes’ study (HucuHes, 1952) of the 
pattern of low level winds (at about 1,000 
teet) in Pacific tropical cyclones, averaged radial 
inflow was derived for 28 storms. From this 
inflow averaged ascent over the whole storm 
area of from I to 12 cm sec-! is derived, the 
greater and more rapid part of the ascent 
being in or near the central “rain area”. In 
the present study of the role of salt particles 
in the release of latent heat, the best estimates 
of the range of rates of ascent of air required 
to carry a sufficient salt load lie between 10 
and 100 cm sec-!. This range of rates is com- 
puted, assuming that the salt load of the sub- 
cloud air varies from the average of my own 
measurements to a maximum which is about 
equal to the highest values reported in the 
literature (about 10 mg m-?, Rau, 1956). 
Thus an overlap of the range of rates of ascent 
derived from Hughes’ measurements, and the 
range of rates of ascent required to carry 
the salt load occurs, but a wide disparity in 
average magnitude exists. 

It appears improbable from the above esti- 
mates that the radial inflow of the lower air 
is sufficient to carry the salt load required in 
the present study. A mass of ascending air 
several times that of the recorded average in- 
flowing air is required. The question remains 
open however, for recent evidence indicates 
that the earlier observations of radial inflow 
are too low, and also that a considerable 
interchange of air between the cloud and 
sub-cloud layers occurs which is part of the 
normal growth mechanism of trade-wind 
cumulus clouds (Markus). This latter evidence 
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shows that a part of the air ascending in cumuli 
can be regarded as “cyclic air”, and that it is 
incorrect to assume that the amount of 
radially converging air necessarily equals the 
amount ascending in the cumuli. 

c) Is it necessary to regard the amounts of 
salt observed in one hurricane as an upper 
limit of quantities to be expected in these 
storms? This problem is especially pertinent 
here, since the present study reveals somewhat 
marginal heating effects from salt amounts 
taken from available data. 

The experience of sampling atmospheric 
salt particles under a wide range of conditions 
has convinced the author that the amount of 
salt represented by curve 12 of Figure 3 should 
not be considered an upper limiting quantity. 
The hurricane-aerosol data used here, which 
are the only available data, were obtained at a 
time when most of the storm was over land. 
The sampling position was the top of Hillsboro 
Lighthouse, on the Florida east coast, at 
Pompano. At the time of sampling, September 
22, 1948, 2330, E.S.T. (Woopcocx, 1950), 
the storm center or “eye” was over inland 
Florida, and the air from which the samples 
were taken had only recently passed from 
over land about 30 miles south of the station 
(see surface winds, Miami to Key West, 
N.W.R.C., Ashville, N.C.). Since the salt 
aerosol load of the air is a function of the 
fetch over the sea, as well as of wind force 
(Woopcock, 1954), this recent passage of 
the air from over land would result in a rela- 
tively low salt content when compared to 
this content if the entire cyclone had been 
over the sea. The author has little doubt that 
the salt load of the lower air in severe wind 
storms at sea commonly exceeds the amounts 
given here by a factor of ten or more. Such 
amounts would of course result in proportional 
increases in the heating of the sub-cloud air 
in the model proposed. However, the above 
hurricane sample serves the purpose here, 
which is to demonstrate that observed quan- 
tities of salt nuclei, upon ascent in clouds, will 
alter the distribution of water vapor and 
temperature as they fall back towards the 
sea. The magnitudes of these effects are 
certainly large enough to satisfy a first-approxi- 
mation study. 

It is perhaps not a coincidence that the 
weights of salt required to bring about the 
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release of latent heat discussed here, add little 
to the air density. The maximum quantity of 
airborne sea salt considered (i.e. about 10 mg 
m-#) will produce a density increase, at ordi- 
nary surface pressures, about equal to the 
increase caused by a temperature decrease of 
0.01 C in the usual air temperature range. 


9. Conclusions and Recommendations 


A mature hurricane at sea is a gigantic salt- 
aerosol generating and distributing mechanism. 
Fall-out from the aerosols carried aloft in 
the storm clouds, may liberate significant 
amounts of latent heat in the moist lower 
layers of the atmosphere. Thus the vast self- 
generated salt cloud in the atmosphere of 
these storms should be seriously considered as 
one of the properties influencing their stability. 
In the model proposed a moist lower layer 
and a relatively dry inter-cloud layer of air 
is required. 

It is recommended that many measurements 
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of the size distribution of sea-salt particles be 
made in the relatively clear air in various parts 
of tropical (and extra-tropical) marine cyclones. 
If these measurements reveal a salt fall-out of . 
several milligrams per square meter per second 
into the air converging upon a storm center, 
the effects of this salt in adding to the internal 
temperature gradient become apparent. Riehl 
shows for instance (RIEHL, 1954, p. 313—316) 
that the isothermal expansion of the converging 
sub-cloud air, results in temperature excesses of 
several degrees as this air ascends in the “rain 
area” of hurricanes. 
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The Spatial Variation of Liquid Water and 
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Abstract 


Measurements of liquid water content and droplet concentration in cumuli over path lengths 
of about one metre have been used to investigate the structure of these clouds. The measure- 
ments indicate that the cloud process is far from adiabatic, and that a dominating role is played 
by the admixture of drier air from outside the cloud. They suggest, further, that the main source 
of this dry air may be the region above the cloud top. 


I. Introduction 


Measurements of the properties of cumuli 
have led a number of investigators to the 
conclusions that the classical model of an 
adiabatically expanding parcel of air is inad- 
equate, and that significant interaction must 
occur between the cloud and its environment. 
It is apparent that the processes involved in the 
life cycle of a cumulus are of great complexity, 
and the volume of data so far available does 
not seem to form an adequate basis for the con- 
struction of any complete theory. 

Some measurements of droplet spectra have 
been made in cumuli, and certain aspects of 
these results, which appear relevant to the 
problem of interaction between the cloud and 
its surroundings, are discussed. 


2. Observations 


Cloud droplet spectra have been measured 
in various types of cloud, mostly cumuli, using 
the aircraft sampler described by Squrres and 
GILLESPIE (1952). Ten samples can be taken at 
one loading. The minimum interval between 
samples is about 3 seconds, corresponding to 
about 200 metres of travel. 


The errors in the measurement of droplet 
concentrations arise from two sources: varia- 
tions in the action of the exposing mechanism, 
and errors in air speed. The sampling device 
has been calibrated at intervals during the 
measurements, and has shown fluctuations 
amounting to 3 % in the exposure time of a 
given point on the sampling rod. Air speed 
indicators are reliable to about 5%, and in 
cloud the aircraft speed changes at times by 
this amount from the mean value. It seems 
therefore that the droplet concentrations 
should have an accuracy of about 10 %. 

Until 1952, a sampling layer of magnesium 
oxide was used. Subsequent investigation 
showed that this was unsatisfactory for the 
measurement of droplet diameters and since 
then a layer of soot has been used. The diam- 
eters of the holes made by droplet of a 
given size in the soot layer have been found 
by projecting, at aircraft speed, a smallsampling 
piece coated with soot through a curtain of 
droplets, produced, in most cases, by a spin- 
ning disk. The ratio of hole diameter to drop 
diameter (d) is known with an accuracy which 
varies with droplet size; above d = 20 u, the 
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probable error is under 5 %. Below d = 2ouit 
increases with decreasing drop size to about 
15 % at d=5 u; this increase does not appear 
to be due to a lack of reproducibility in the 
ratio, but almost wholly to the difficulty of 
producing and measuring a group of uniform 
droplets in this size range. The accuracy of 
liquid water contents therefore depends on 
the sizes of the drops occurring in the cloud. 
Over the range of diameters d > 10 u, which 
usually contributes most of the liquid water, 
the probable error in diameter does not exceed 
10 %. It seems reasonable therefore to assign an 
overall accuracy of about 30 % to the measure- 
ments of liquid water content. However, 
the comparative accuracy of the measurements 
is probably better than this. 
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For this reason, the mean value of n or w 
found from the samples in one pass through a 
cumulus is not reliable. Thus, when the mean 
value of w is plotted against h for each cloud, 
the resulting graph is confused, and shows no 
clear trend of w with height. Since WARNER 
(loc. cit.) has shown that w begins to decrease 
one to two thousand feet below the cloud 
top, it is not satisfactory to lump together 
observations from several clouds of differing 
total depths. In the case of the ratio w/w,, 
however, this is admissable, as this ratio 
decreases steadily with increasing height. 
The mean variation of w/w, with h is shown 
in Table 1. This variation agrees with that 
shown by Warner, but these values of w/w, are 
consistently smaller by about 0.1. This discrep- 
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Fig. 1. The variation of droplet concentration with height above cloud base in 
individual clouds. Dashed lines are used in places for the sake of clarity. 


3. Variations in the vertical 


According to the extensive measurements of 
Warner (1955) the liquid water content 
(w g m-®) in cumuli increases upwards to 
within one or two thousand feet below the 
cloud top. However, he found that at all 
levels it was less than the value which would 


have resulted from the adiabatic expansion . 


of air which was just saturated at the level of 
the cloud base (w,). He further showed that 
the ratio w/w, decreases with increasing height 
above the cloud base (h). The present measure- 
ments confirm some of these conclusions. As 
will be shown later by some examples, the 
characteristics of the droplet spectrum change 
erratically and indeed almost randomly when 
successive samples are spaced at about 200 m. 
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ancy is not as serious as it seems, since the 
values of w used here to give a mean value 
are measured at randomly distributed points, 
whereas WARNER used the “peak value” of w 
from each traverse. 


Both Zaıtsev (1950) and WEICKMANN and 
Kamp£ (1953) have reported a rapid decrease 
in droplet concentration with increasing height. 
The present series of observations indicates a 
trend in this direction, although not so marked 
or consistent as that found by these authors. 
The mean droplet concentration per milligram 
of air (INy) has been found for each pass 
through an isolated cumulus. When these 
mean values are plotted against the height 
above cloud base, it appears on the whole 
that N, decreases as h increases; there are 
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Table 1. The variation of the ratio »/w_ with 
height above cloud base 


Height above 


No. of Median value 

cloud base 2 

(feet) observations of w/w, 

O—1000 24 0.33 
1000— 2000 119 0.26 
2000— 3000 66 0.18 
3000— 4000 62 0.17 
4000— 5000 23 0.12 
5000— 6000 fo) == 
6000— 7000 27, 0.08 


however exceptions. These exceptions may be 
real, or they may be due to the fact that, 
with the rapid and erratic variations in droplet 
concentrations, many more samples would 
have been needed to secure a fair average at 
each level. In order to smooth out these 
fluctuations, the data for each cloud have been 
grouped in height intervals of 2,000 feet 
(h = 0-2,000; 2,000-4,000 etc.). For each 
interval of h, the mean value of N, has been 
found for the observations in each cloud, 
and in Fig. ı this is plotted against the 
centroid of the h-values in the interval. This 
figure is based on 455 samples. Points referring 
to observations in a single cloud are connected 
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by straight lines. Out of the 31 lines in the 
figure, 24 (about 77%) indicate a decrease 
in N, with increasing h. Out of the eighteen 
clouds represented only two (11 %) showed 
an increase in droplet concentration from 
the lowest to the highest level plotted in Fig. 1. 
In both these cases the height interval was 
only about 1,000 feet, so that even if the rate 
of decrease of N, had been similar to that 
found in other clouds, the change between 
the two levels would have been small, and 
easily masked by random fluctuations. 
Concentrations have been expressed for the 
present purpose in number per milligram 
of air instead of in the usual volume units. 
Thus the apparent trend for droplet concen- 
trations to decrease upwards owes nothing to 
the mere expansion of the air as it rises. This 
decrease must therefore be due to some 
process which eliminates droplets from the 
cloud. Concentrations expressed in numbers 
per cm? naturally show the same trend as is 
seen in Fig. 1, and to a slightly greater extent 
because of the upward decrease of air density. 
The observations at the various levels were 
not, of course, simultaneous. However, the 
practice followed was to begin passes at the 
higher levels and work down. The droplet 
concentration in a cumulus is more likely to 


Table 2. 


Showing the random nature of the variation of droplet concentration per cm? (n) and liquid water content 


(w g m~%) in samples spaced about 200 m apart in horizontal traverses through some cumuli: 


n in bold face, w in italics. 


Height in feet of 


Sample No. 


Date Cloud Cloud | Level of 
base top traverse z 3 4 5 8 7 : 2 19 
Pie MOOK a as ae 2,200 9,000 6,250 tle ie os a she tie ans 
CY ANION LOS A 800 6,000 1,800 63) 43] 55] 133) 117) 74) 82 
: À 0.05| 0.14] 0.18| 0.45| 0.44| 0.25| 0.38 
20, NOV ROSA, re 3,600 8,500 7,000 = KB Me HA hs Wg na Le 
; : : ? 0.66) 0.74) 0.7T| I-00] 0.71) 2.14) 0.62| 1.50) 0.79) 2.69 
ISDec 1064 Er 2,500 6,500 5,600 prided We Le da ra ce 
2 : : I.29| 0.20] 0.25] 0.11| 0.70) 0.26] 0.06| 0.05 
er IES LOS OLE 2,500 7,500 6,500 Sai 239] 94) RB SACI 2 et EE 
? 3 0.15] 0.13] 0.13| 0.17| 0-63} 0.41| 0.13] 0.17| 0.80 
oF ISON RAK Fart a 7,200 12,000 9,800 i | dl Bhi ld Ara SE cc 
‘ : ee 0.02| 0.75| 0.T5| 0.74| 0.17| 0.35| 0.19] 0.26| 0.21| 0.73 
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Table 3. The relative variation of droplet concen- 
tration on entering a cumulus (250 observations) 


Sample number Mean relative droplet 


concentration 


I.02 
1.08 
1.02 
0.88 
0.96 


1.16 
1.10 
1.04 
0.89 
0.99 
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decrease with time than to increase; hence 
this lack of simultaneity would not contribute 
to the effect shown in Fig. 1, but rather would 
tend to mask it. 


4. Variations in the horizontal 


When successive samples taken on a single 
horizontal pass through a cumulus are com- 
pared, it is found that the variations in the 
droplet concentration per cm? (n) and in 
the liquid water content (w) are strongly 
correlated. This is illustrated in Fig. 2 by 
scatter diagrams for some individual passes. 
A regression line through the origin corresponds 
to a constant mean droplet volume. The 
corresponding mean radius 7 is entered on 
each diagram. It will be seen that the correla- 
tion is especially clear when this mean radius 
is small. 

The scatter diagrams of Fig. 2 serve also to 
illustrate the magnitude of the fluctuations 


Table 4. The relative variation of liquid water 
content on entering a cumulus (164 observations) 
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Sample number Mean relative liquid 


water content 


a 


0.99 
O7 
0.88 
1.22 
0.89 
I-16 
0.74 
1-02 
1.16 
1.02 
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which occur in a horizontal traverse. As men- 
tioned earlier, these fluctuations are nearly 
random. In order to illustrate this further, 
the values of n and w found in typical traverses 
through some cumuli are shown in Table 2. 

Discussing his measurements of liquid water 
content, WARNER (loc. cit.) states that, in 
many clouds, the transition from clear air to 
dense cloud is abrupt. A similar conclusion is 
indicated by the present measurements. In 
order to investigate the variation of n on 
entering a cloud, the mean value of n for 
each traverse was found (n,). The ratio n/np 
was then computed for each sample. This 
was done for 26 traverses in which nine or 
ten samples were taken in uninterrupted 
succession at intervals of about 200 m. The 
mean value of the ratio n/m, was then found 
for all the first samples taken in the cloud, 
for all the second samples, and so on. These 
mean values are given in Table 3. In the 
majority of cases the samples, spread over 
some 2 km, represent nearly the whole width 
of the cloud, and in all cases at least half of it. 
The practice was to take the first sample 
one to two seconds after the aircraft entered 
the cloud. Cloud entry was judged by watching 
the wing-tip of the aircraft; this carried a black 
de-icer boot against which intervening cloud 
could be seen distinctly. Table 3 indicates 
that, beyond a point about 100 m inside 
the cloud, there is on the average no further 
increase in droplet concentration. 

In the case of liquid water content, the 
volume of data available is much less, since 
w cannot be found from the observations 
where a magnesium oxide layer was used. In 


Table 5. Frequency table of values of the ratio 
w|w, (321 observations) 


ET nn 


Range of w/w, Percentage frequency 
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0—0.I 23 
0.I—0.2 31 
0.2—0.3 19 
0.3—0-4 8 
O.4—0.5 6 
0-5—0.6 4 
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090.8 2 
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0.9—1.0 2 
over I.O I 
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Fig. 2. Scatter diagrams illustrating the association between the fluctuations of droplet concentration (n per cm?) 
and liquid water content (w g per m3) in horizontal traverses through cumuli. 
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order to investigate the variation of w on 
entering a cumulus, all traverses have been 
utilized where at least seven samples were 
taken. Otherwise the data have been handled 
in the same way as for n. The result is shown 
in Table 4. It will be seen that the total num- 
ber of observations is smaller, and that this 
sequence is rather more irregular than that of 
Table 3; however it appears unlikely that w 
increases on the average by more than 10 % 
from the first sample to the middle of the cloud 
and it is quite possible that there is no average 
increase. 


5. The range of variation of the liquid 
water content 


It is of some interest to consider the fre- 
quency of values of w/w,, irrspective of posi- 
tion in the cloud; this is shown in Table s. 
Since the sample is taken from a strip of air 
which is never more than 2 metres in length, 
and usually less than 1 metre, it may be con- 
sidered as a point measurement of w. Table 5 
indicates that w exceeds w, only in about 1 % 
of the samples. The maximum value found 
for w/w, was 1.16; this exceeds unity by less 
than the possible error of the measurement. 
Even if it is assumed that the values of w are 
consistently too low by 30%, so that all 
values of w/w, greater than about 0.8 in 
Table 5 really correspond to w > w,, it would 
appear that the adiabatic liquid water content 
was attained in only 3% of the samples. 
It seems likely therefore that this happens only 
in a few percent of the volume of an average 
cumulus. The overall mean value of w/w, was 
0.18. 

Occasionally, completely null samples were 
found inside a cumulus. To all appearances, 
the aircraft was completely surrounded by 
cloud but it is possible that, in some cases, 
samples were taken in a clear space between 
two adjacent cumuli, or between two towers 
rising out of a common base. This was cer- 
tainly not always the case. Out of nearly a 
thousand samples taken in cumuli, about 8 % 
were null, and rather more than half of these 
were isolated null samples; that is, the sample 
about 200 m away on each side of it showed 
cloud droplets. It is most unlikely that any 
large proportion of these isolated null samples 
were due to the kind of error described above. 
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This means that, even in the interior of cumuli, 
the liquid water content is sometimes zero; in 
fact, w is at least as likely to fall to a zero 
value as it is to rise to the adiabatic value, w,. 


6. Summary of results 


Summarizing the results given above, some 
of which have already been reported by the 
authors mentioned, it has been found that: 

(a) The liquid water content (w) of cumuli, 
even when measured over a path length of 
only about one metre, is nearly always less 
than the adiabatic value w,. In the clouds 
observed, w attained the value w, only over 
a few per cent of the volume of a cloud, on 
the average; it fell to a zero value, well 
inside the cloud, at least as often. The average 
value of w/w, was about 0.2. 

(b) On the average, both the droplet 
concentration (n) and w/w, decrease upwards 
from the cloud base. 

(c) On a horizontal traverse, the variations 
of n and w are large and erratic, but they rise 
and fall together. This association between 
the variations of n and w seems to be closer 
when the average droplet size is small. 

(d) On entering a cumulus from the clear 
air the droplet concentration rises, on the 
average, to its mean value for the whole 
traverse within a distance of about 100 m 
from the cloud boundary. The liquid water 
content also rises sharply over this distance, 
but it is possible that there may be a slight 
remaining increase from this point towards 
the centre of the cloud, amounting to perhaps 
10 %; the data are however not sufficient to 
decide whether this further increase occurs 
or not. 


7. Discussion 


The fact that w is nearly always less than w, 
implies that an admixture of drier air occurs 
throughout all but a few percent of the volume 
of a cumulus. This dry air may enter from the 
sides or the top, but not from the bottom, 
since the almost horizontal base of a cumulus 
indicates that all air passing through this 
level is saturated; the variations in cloud base 
height correspond to variations in w, which 
are small compared with the observed values 
of the deficit of liquid water, (w,- w). At 
times the admixed air apparently can penetrate 
far into the cloud without becoming saturated, 


378 


for a region devoid of water can remain so 
only if the air is unsaturated, so that water 
droplets diffusing into it will evaporate. The 
upward decrease of the ratio w/w, implies 
that the effects of this admixture increase 
upwards. 

It is plausible that this admixture of dry air 
is also the cause of the variation of droplet 
concentration, some of the smaller droplets 
evaporating when dry air mixes with cloud 
air. There is however the alternative possibility, 
that these variations are caused by the coa- 
lescence of droplets. Das (1956) has computed 
numerically the evolution as a result of coa- 
lescence of several droplet spectra, some of 
them containing large droplets. His results 
show that over periods up to an hour the 
change in the droplet spectrum, and in droplet 
concentration, would be very slight. These 
calculations were based on an analysis similar 
to that of SCHUMANN (1940), using a value 
of unity for the collection efficiency. The 
calculations of PEARCEY and Hit (1957) indi- 
cate that for the small droplet sizes often found 
near the bases of cumuli, for which the Reynolds 
number is much less than 1, the collection 
efficiency is usually much less than unity. 

It seems reasonable therefore to take the 
results of Das as giving an upper limit for the 
effectiveness of gravitational coalescence in 
modifying the droplet spectrum as a whole. 
This negative result found by Das has no 
bearing on the problem of the formation of a 
relatively small number of large drops or 
raindrops by coalescence, since he has excluded 
some droplets at both the upper and lower 
ends of the spectrum from his calculations; 
moreover, as TELFORD (1955) has shown, 
statistical fluctuations can be important in 
the formation of the relatively small number 
of raindrops. 

It would appear therefore on purely a priori 
grounds that the variations in droplet concen- 
tration are not attributable to coalescence, 
but to the evaporation of some of the smaller 
droplets when dry air mixes with cloudy air. 
This view is clearly in agreement with the 
observational results given above. The varia- 
tions of w in a horizontal traverse cannot be 
due to coalescence; it is plausible, therefore, 
that the variations of n, which are strongly 
associated with those of w, are also due to 
the admixture of dry air. Clearly, droplets 
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are more likely to be evaporated completely 
by mixing when the average drop size is 
small. Thus the fact that the association 
between the variations of n and w seems to be 
stronger when the average drop size is small 
also points in this direction. Finally, the mere 
erratic nature of the variations of n across a 
cloud suggests that they are more likely to be 
due to a process like the turbulent admixture 
of dry air than to an internal process such as 
coalescence. - 

If it is true that the horizontal variations of n 
are due to admixture, it seems plausible that 
the vertical variation, which is similar in 
magnitude to the erratic variations in the 
horizontal, could be due to the same cause. 
Like w/w,, the droplet concentration per 
milligram of air, N, decreases upwards, andthis 
too could be due to the increasing effects of 
the admixture of dry air in the higher parts 
of the cloud. 

The admixture of drier air from outside 
the cloud would seem therefore to play an 
important part in the structure of cumuli. 
As for the source of this air, observations 
discussed so far indicate only that its effects 
increase upwards. On the other hand the data 
of Tables 3 and 4 give an indication which 
does not, on the face of it, accord well with 
the theory originated by STOMMEL (1947), 
according to which the departure of the 
observed lapse rate in cumuli from the wet 
adiabatic lapse rate is due to the lateral en- 
trainment of dry air from around the sides of 
the cloud. If this were so, one would expect to 
find a marked gradient of w and n from the 
boundary of the cloud towards its centre. 
The examples given in Table 2 illustrate the 
fact that there is no consistent trend in this 
direction. Tables 3 and 4 show that, when 
data from a number of cumuli are averaged 
together, there is little or no increase in n or w 
beyond a point about 100 m inside the cloud 
boundary. 

However, Markus (1949) has pointed out 
that as a result of vertical wind shear, cumuli 
are often asymmetrical. Since the traverses 
used in Tables 3 and 4 were made in direc- 
tions which were randomly distributed with 
respect to the direction of the wind shear 
vector, this asymmetry could contribute to 
the apparent uniformity of average cloud 
properties along a traverse. Nevertheless, it 
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does not seem likely that asymmetry due to 
wind shear could so completely mask the 
central maximum of liquid water content and 
droplet concentration which the entrainment 
theory would imply. 

In the light of these measurements, an alter- 
native mechanism suggests itself. The sharp 
increase in n and w near the cloud boundary 
and the upward increase in the effects of 
admixed air are both explained readily if it is 
supposed that the dry air comes into thecumu- 
lus, not from the sides, but from the top. 
A parcel of dry air which is enveloped by 
the cloud during its growth, or which diffuses 
into the cloud top by turbulence, is in an unsta- 
ble situation. It will be cooled by the inward 
diffusion of liquid water from all sides, and 
must subside through the cloud. Since the 
driving force is supplied by the evaporation of 
liquid water, this mechanism will be the more 
effective, the wetter the cloud. The increased 
turbulence found in cumuli derives its energy 
from density differences, and it is likely there- 
fore that vertical mixing predominates over 
the horizontal mixing which is postulated in 
the entrainment theory. 

On this view, a cumulus will contain some 
dry air at all stages of its growth, and at all 
levels. Its structure may be likened to that 
of a sponge, the spaces in which represent 
parcels of dry air. Some of these parcels may 
not have moved far from the positions they 
occupied when the growing cloud enveloped 
them; others may have subsided a considerable 
distance. Evidently this model offers a simple 
explanation also for the rapid fluctuations 
which are found when flying through cumuli, 
and the occasional presence of clear regions 
even well inside the cloud. 


8. Conclusion 


The specific conclusions concerning the 
spatial variations of the liquid water content 
and droplet concentration have been given in 
detail in Section 6 above. The discussion of 
Section 7 confirms the conclusions of other 
investigators that interaction between the 
cloud and its surroundings is of great impor- 
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tance; the fact that the liquid water content 
averaged only about one fifth of the adiabatic 
value shows that, in cumuli, the adiabatic 
model bears little resemblance to reality. 
The existence of regions inside the clouds 
where liquid water was completely absent 
also indicates very definitely that they must 
contain some air which could not have orig- 
inated below the condensation level. At the 
most, only a few per cent of the volume of 
an average cumulus consists of unmixed air 
which has risen adiabatically from cloud base. 

It appears that the values of the liquid 
water content, and the spatial variations of 
the properties of the cloud, can be qualita- 
tively explained by postulating an admixture 
of dry air in a proportion which increases 
steadily from the base upwards. This postulate 
could be satisfied by several models, and in 
particular by that of the lateral entrainment 
of dry air; however, the results concerning 
the average variation of properties across 
cumuli do not seem to agree well with ex- 
pectations based on this theory. 

The measurements suggest that most of 
the dry air may enter by turbulent diffusion 
through the cloud top, both during the 
growing and mature phases. The mechanism 
by which such parcels of dry air could subside 
through the cloud is physically clear. The 
random variations which would result from 
the operation of this process throughout the 
cloud’s life correspond well with the fine 
structure in turbulence, temperature, droplet 
concentration and liquid water content which is 
observed. 
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Abstract 


Observations of cumuli have shown that the adiabatic model is quite inadequate, and that 
dry air must mix with the condensing upcurrent. Theories of the interaction between cumuli 
and their environment are discussed. The hypothesis that dry air enters these clouds chiefly 
from above is examined quantitatively. It is found that, as a result of evaporative cooling, 
such air could penetrate several kilometres into a growing cloud. This hypothesis accounts for 
the fine structure which is observed, and provides a natural and simple explanation for the 
fact that the lapse rate in cumuli is steeper than the wet adiabatic, and indeed approximates 
closely to that of the environment. Unlike alternative theories, it provides a means whereby 
the liquid water content may be automatically self-limiting, as the observations seem to require, 
for the motions which introduce dry air deep into the cloud depend for their energy supply 
on the presence of liquid water, and have velocities which are roughly proportional to its 


concentration. 


1. Introduction 


A wealth of evidence has been accumulated 
which shows that the properties of cumuli 
cannot be explained by the adiabatic expansion 
of air which was saturated at cloud base level. 
Measurements of temperature in cloud describ- 
ed by Bunker et al. (1949) and by BARRETT and 
RIEHL (1948) indicate that the average lapse 
rate in cumuli is steeper than the wet adiabatic 
and approximates to that of the environment. 
Additional evidence is afforded by measure- 
ments of liquid water content (reine). 
After reviewing the observations, WARNER 
and Squrres (1958) concluded that although 
the adiabatic liquid water content (w,) some 
times occurs over a distance of the order of a 
metre, the average value of w over some 
tens of metres (iv) seldom if ‘ever equals wa. 
The ratio w/w, decreases rapidly with height 
and at 2 km above cloud base falls below 
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0.2, on the average. There is little evidence 
to suggest that w reaches much greater values 
in large clouds than in moderate ones; in all 
clouds, it seems rare for w to exceed 2 g 
m, and it is usually less than 1 g m*. 
As regards distribution in the horizontal, 
there is a great wealth of fine structure, 
which becomes very striking when w is 
measured over a distance of about 1 metre. 
There is no clear systematic variation from 
the cloud edges towards the middle. Contrary 
to the impression given by Zartsev (1950), 
the low values of w appear to be distributed 
rather randomly, with no marked preference 
for the peripheral regions; the edge of a cloud 
is often very sharp. 

These findings clearly require for their 
explanation a model of cumulus development 
which includes as a necessary concomitant of 
the cloud’s growth a large scale mixing of dry 
air with the upcurrent. 
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2. Theories of interaction between the cloud 
and its environment 


Since cumulus bases are typically flat, it 
seems impossible for dry air to enter the cloud 
from below, for in the present context, “dry” 
air means air which, if displaced adiabatically 
to the level of the cloud base, would arrive 
there unsaturated. The variations in cloud 
base height, which rarely exceed one or two 
hundred metres, are much too small to ex- 
plain the observed deficiency of liquid water, 
(wa-w). Clearly, however, all air which 
originates from above the cloud base level 
will be “dry” in the sense defined. Thus there 
is room for three possibilities: 


(a) The dry air may not have moved far 
from its original position, having mixed in 
situ with the saturated, cloudy air rising from 
below. 


(b) It may have come in from around the 
sides of the cloud, mixing horizontally with 


the updraught. 


(c) It may have originated from the region 
just above the growing cloud top, entering 
the cloud as downdraughts and mixing ver- 
tically with the updraught. 

Model (a) is closely related to the bubble 
theory of convection advanced by SCORER 
and Lupram (1953), according to which 
the growth of a cumulus is the result of the 
arrival at condensation level of a succession 
of buoyant bubbles, each of which is steadily 
eroded as it rises. If other bubbles follow 
the same path through the air, they will 
penetrate further because the ambient air has 
been moistened by their predecessors; by this 
process a cumulus builds up in steps. 

Model (b) was postulated by STOMMEL (1947) 
to explain the observed lapse rates in cumuli, 
and has been used as a basis for discussion by 
Markus (1949, 1952). The latter author has 
had considerable success in interpreting obser- 
vations by means of a postulated entrainment. 
However, in these cases, there has been no 
independent evidence relating to the amount 
of entrainment, and it seems possible that 
some other mechanism which introduced dry 
air into the cloud in the required amounts 
could explain the observations equally well. 
Indeed, the only direct evidence of entrain- 
ment is provided by measurements of wind 
fields around large cumuli and thunderstorms 
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made during the "Thunderstorm Project. 
Byers and Hutt (1949)-have described how 
the proportional rate of change in area of 
triangles formed by three balloons were used 
to compute horizontal divergence. The typical 
rate of entrainment into these large clouds was 
found to be 100% in 4 km. By contrast, 
STOMMEL (loc. cit.) computed that, in order 
to explain the observed lapse rates in small 
trade wind cumuli, it was necessary to postu- 
late an entrainment rate of 100 % in a height 
interval of 300 to 1,000 m. Again, BEST (1951) 
computed the liquid water content in large 
cumuli assuming entrainment of air of 70% 
relative humidity at a rate similar to that 
found by Byers and Hutt, and found values 
of w which far exceed those which have 
usually been observed in large cumuli; the 
corresponding values of w/w, exceed 0.5 at 
all heights. It therefore seems that, if the en- 
trainment rates measured by Byers and Hurr 
are typical of cumuli in general, this source 
of dry air by itself is inadequate to explain 

the observed properties of such clouds. 
Model (c) has been outlined elsewhere 
(SQUIRES, 1958) in an attempt to explain some 
of the observed characteristics of cumuli. A 
parcel of dry air which enters the top of a 
growing cloud by turbulent diffusion will be 
cooled by the evaporation of liquid water, 
and may subside into the cloud. The existence 
of a mechanism of this kind is suggested by 
measurements of vertical velocity, such as 
those of Jones (1954a), which have frequently 
revealed an intimate mixture of up-and-down- 
draughts of the same order of magnitude. 
Again, the downward motions often seen 
around the outsides of cumuli in lapse time 
records are commonly attributed to evapora- 
tive cooling consequent on mixing between 
the cloud and its dry environment. If this ex- 
planation is correct, it seems likely that the 
similar mechanism of model (c) could lead 
to deep penetration of a cloud by dry air 
parcels. This model, like (a) and (b), explains 
qualitatively the observation that the effects 
of the admixture of dry air increase upwards 
through the cloud, as shown by the decrease 
of ww. It gives a picture of cloud develop- 
ment not unlike that of model (a). In both 
cases, the final result is a heterogeneous mix- 
ture of air from below condensation level 
with air which originally occupied, roughly, 
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the space now filled by cloud. The difference 
is that here, an active, penetrative role is 
assigned to the dry air. Thus a heterogeneous 
cloud with much fine structure could result 
even from a steady updraught. 

Model (c) has certain advantages: 

(i) The remarkable fact that lapse rates in 
cumuli do not differ much from that of the 
environment finds a simple explanation by 
means of the mechanism of penetrative down- 
draughts. If the cloud should become markedly 
warmer than the environment at the same 
level, an extremely unstable situation will 
exist at the top of the cloud; vertical inter- 
change must take place between the cloud top 
and the clear air above it. Evidence of the 
existence of this kind of interchange is given 
by the observations of James (1954) who 
measured the air temperature while flying 
some 150 m directly above small developing 
cumulus clouds, and found that there were 
regions about 100 m across in which the tem- 
perature was some 1.5° to 3° C colder than 
elsewhere; these regions were sharp-edged, 
and stood in strong contrast to the undisturbed 
temperature field normally found in the clear 
air above cloud base and well away from 
clouds. These cold regions may have resulted 
from the evaporation of cloud protuberances 
into the surrounding dry air. 

Indeed, it seems likely that the protuber- 
ances at the top of growing cumuli may be 
taken as evidence of the existence of strong 
hydrostatic instability in the region of the 
cloud top; if so, there is little reason to doubt 
that downdraughts are entering the cloud 
mass with a vigour similar to that shown by 
the protuberances. But whereas cooling by 
evaporation tendsto stabilize the cloud protub- 
erances when they mix with the dry environ- 
ment, it renders the dry air parcels more 
unstable as they mix with the surrounding 
cloud. 

(ii) As mentioned in the Introduction, the 
measurements of liquid water content so far 
made indicate that, whatever the value of 
w,, w usually averages less than 1 g mie 
over large volumes, and is unlikely to exceed 
2 g m- except in small regions. This suggests 
that there is some form of self-limiting 
mechanism at work, that is, that the admixture 
of dry air is greater in wet clouds than in dry 


ones. In both the bubble model (a) and the 
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entrainment model (b), the admixture of dry 
air is not directly affected by the concentration 
of liquid water; in model (c), it is the liquid 
water itself which provides the driving force 
for the motions which give rise to mixing. 
As will be seen later, the subsiding speed of 
dry air parcels in cloud is roughly proportional 
to ıw. 

(iii) It is a common observation that turbu- 
lence as observed from an aircraft is much 
stronger in clouds than in the clear air between 
them; according to BUNKER et al. (1949) by 
at least one order of magnitude. Now it is 
clear that the turbulence associated with clouds 
derives its energy from density differences, so 
that the turbulent motions must in the first 
place be vertical; cloud turbulence is likely 
to be far from isotropic, vertical mixing pre- 
dominating strongly over horizontal mixing. 

(iv) As mentioned in the Introduction there 
is no clear evidence for a gradient of proper- 
ties from the cloud centre out towards the 
edges, as must be expected under model (b). 
The horizontal increase of w on entering a 
cloud is often very rapid, and there is no 
counterpart here to the vertical gradient of w 
which WARNER (1955) found to occur regularly 
in the uppermost 300 - 500 m of cumuli. This 
contrast reinforces the argument of (iii) above, 
indicating that vertical mixing plays a dom- 
inant role. 

The hypothesis is therefore advanced that 
the mechanism of model (c) constitutes an 
important aspect of the interaction between 
cumuli and their environment. It remains 
now to investigate this model in a quantitative 
manner, that is, to determine whether the 
air in the dry layers which the growing cloud 
penetrates is itself capable of penetrating the 
cloud mass in a manner which is unorganized 
on the scale of the cloud. This penetration 
may be envisaged as occurring by the agency 
of more or less continuous downdraughts, 
for which there is some evidence (JONES), 
1954 (b) and WARNER, 1955), or in the form 
of individual parcels. The latter view has been 
chosen in the interests of theoretical simplicity. 

A penetrating dry parcel will obviously be 
subject to attrition and may at times be torn 
asunder. Thus a large parcel may enter the 
cloud, penetrate some distance, and then 
disintegrate, giving rise to two or more 
smaller ones which thereafter follow a more 
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or less independent course. As our purpose is 
merely to investigate whether the proposed 
mechanism is capable of introducing dry air 
into the interior of a cloud in a time interval 
comparable with the observed lifetime of 
cumuli, the subsiding parcels will be supposed 
to remain integral. 


3. A physical model of the downdraught 
theory of interaction 


The following postulates describethe physical 
model which is used for the purpose of com- 
putation: 

(a) A parcel of dry air becomes immersed 
in the cloud top as a result of the erratic growth 
of cloud protuberances, or by turbulence 
reinforced by the increased hydrostatic in- 
stability which must tend to occur at the 
cloud top when the lapse rate of the environ- 
ment is steeper than the wet adiabatic, as is 
usually the case. 

(b) Mixing occurs between the parcel and 
its cloudy environment. 

(c) Cloud droplets diffusing into the parcel 
by turbulence immediately evaporate and, 
as a result, the parcel is cooled. Cloud droplets 
immersed in unsaturated air, even at a rela- 
tive humidity of 99 %, will evaporate to a 
diameter of a micron or so in some tens of 
seconds, unless they contain a giant condensa- 
tion nucleus; these are relatively rare. Thus 
they will have lost practically all their mass 
within a time which is short compared with 
the periods considered. 

(d) The resistance to the motion of the 
parcel through the cloud arises solely from 
eddy interchange of matter between the parcel 
and its environment. The disturbance of the 
pressure field in the environment consequent 
upon the motion of the parcel is neglected. 
This simplification is justified to some extent 
by the following consideration. No hypothesis 
is made as to the shape of the parcels, and 
they may be envisaged as quasi-spherical or, 
more plausibly, as being elongated in a vertical 
direction, so that they form short-lived down- 
draughts. In this case, the effect of the disturb- 
ance of the pressure field could well be small 
compared with that of eddy interchange 
between the parcel and the cloud. 

(e) The parcel is envisaged as containing a 
constant mass of air. Following the method 
used by PRIESTLEY (1953) it will be assumed 
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that, in unit time, a mass of air k is removed 
from each unit mass of-air in the parcel and 
is lost to the surrounding cloud; this is re- 
placed by an equal mass of cloudy air, which 
mixes with the parcel. The effect of the parcel 
on the cloud will be neglected in this calcula- 
tion; obviously however the final effect of 
many such parcels will be to cool and dry 
the cloud, especially in its upper parts. 

The mixing rate k mentioned in (e) depends 
on the effectiveness of eddy diffusion in trans- 
ferring matter from the cloud to the parcel 
and vice versa. For the moment it suffices to 
remark that k varies inversely with parcel 
size; the relation between them will be 
discussed later. 

In addition to these postulates, the following 
simplifications and assumptions are made: 

(a) In computing the density difference 
between the parcel and its environment, tem- 
peratures, not virtual temperatures, are used. 
Since the parcel itself is close to saturation in 
the critical stages of its history, the neglect 
of the effect of humidity mixing ratio on the 
air density is not very serious. Moreover, this 
simplification results in an underestimate of 
the negative buoyancy of the parcel, and so 
reduces the computed downward speeds; it 
is therefore conservative. 

(b) The computation begins at a point 
where the parcel is immersed in the cloud; 
it is at the same temperature as the cloud, 
and is at rest. 

(c) The liquid water content of the cloud 
is taken as being constant throughout its depth. 

(d) The cloud air is assumed to have uni- 
form and constant upward velocity. 

(e) The lapse rate in the cloud is taken as 
constant. 

(f) The mixing ratio of water vapour in 
the cloud air is found assuming the air to be 
saturated and at a temperature determined 
by (e) above. 

All these postulates seem reasonable for the 
purpose in hand except perhaps (c). This is 
quite contrary to the adiabatic model, which 
would indicate a steady decrease downwards to 
zero at the cloud base; however, it represents 
the observations at least as well as any other 
simple assumption. 

WARNER (1955) shows typical curves of the 
variation with height of the peak value of 
liquid water content (w,) found during an 
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aircraft traverse of a cloud. These curves indi- 
cate a rapid increase from zero at cloud base 
through the first 500 to 1000 m, and a rather 
more rapid decrease at cloud top. Between 
these two regions, the height variation of w, 
is different in different clouds, and no syste- 
matic average trend is apparent. The behaviour 
with height of the mean value of w, (w), 
as distinct from the peak value (w,), depends 
on the shape of {the w-traces obtained during 
the traverses. WARNER (private communica- 
tion) states that in about half the clouds 
measured, w behaved similarly to w,; in 
the remainder the height variation of w was 
even more erratic than that of w,. Measure- 
ments by Day and MurGATROYD (1953), 
WEICKMANN and Aurm KAMPE (1953) and 
Squires (1958) give indications which are in 
agreement with these conclusions. 

As so many variables are involved in the 
specification of the problem, and the solution 
of the equations is laborious, the calculations 
have been carried out for only one set of 
conditions, which have been chosen to re- 
present a fairly well developed trade wind 
cumulus. 


4. Basic equations for an unsaturated parcel 


On the basis of the postulates described in 
the last section, and neglecting some terms 
which are small because the density of the 
parcel is little different from that of the cloud, 
the equation of motion of the parcel is: 


= (Gwe) g—k(v+V) () 


where v is the downward velocity of the 
parcel, V the speed of the cloud upcurrent, 
A the amount in degrees C by which the 
parcel is colder than the cloud at the same 
level, Ge the mean absolute temperature of 
the cloud, and w, the liquid water content 
of the cloud in grams per gram of air. Since 
the overall variation of the absolute tempera- 
ture of the cloud is only a few percent, no 
serious error is involved in using the mean 
temperature ©, instead of the temperature at 
the level concerned. 

The liquid water content of the cloud (w,) 
enters into this equation because the suspended 
liquid water increases the effective density of 
the cloud air. 
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The equation governing the temperature 
of the parcel is: 


ie (ee -4) SP, =D 6) 


Cp 


where L is the latent heat of evaporation of 
water, I‘; the dry adiabatic lapse rate and J, 
the lapse rate in the cloud. 

The humidity mixing ratio of the parcel 
varies according to the equation; 


x = k(x.(z) + 0, = x) (3) 


where x is the mixing ratio of the parcel air 
and x, (z) that of the cloud air at the level z. 
Differentiating (1) gives: 


2 
v = — o-kp 
9° 


€ 


and substituting for A from (2) and for A 
from (1) gives a second order linear differen- 
tial equation in v. Taking as boundary condi- 
tions v =o, A =c at f=0, and defining the origin 
of z, measured downwards, as the position 
of the parcel at t=o, the following expressions 
result: 


A -6, bN e-kt sin bt + | : 2 : G > N 
m = £ \We m 
(1 — e-kt cos bt) (4) 
pe TER 
Wacht m? m m\w. m 
: kg R/V N 
(1 - e-#t cos bt) + 4 (E+) 


- a | e-kt sin bt (5) 


g la 
where b=|- (Ta-T.) | 
a ie EE 
Ockp We 
and = CREE Rei An 
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Characteristics of the downward motion of dry air parcels 
through a cloud against a steady upcurrent of I m sec-1. 


Liquid water 


content of the 0.3 1.0 3.0 

cloud (g/kg) 
Mixing Rate, k: 

HO 1.0| 2.0| 4.0| 6.0] 1.0| 2.0 | 2.5 | 3.0| 4.0] 6.0| 0.5] 1.0 | 2.0 | 3.0 | 4.0 | 5.0} 6.0 
Final R.H. %..|98.6| 100} 100} 100] 99-1] 96.7| 98-5] 100] 100| 100| 92-6) 92.2 91-8| 95-7] 99.7| Loo] 100 
“ Absolute’ Pene- 5 , s 
tration (m)....| 533] 439] 319] 260|1852|! 3000|! 3000|1513|1024| 866|2740|' 3000|! 3000|" 3000)" 3000] 120| 120 
Time Taken secs.|3600!1646| 823! 478|3600] 2999| 2466/1115} 650] 435|3600| 1983] 1004| 759| 598] 130| 125 
“Relative” Pene- 
tration (m)....|4133[2085|1142| 73815452] 5999] 5466|2628|1674|1301|6340|) 4983] 4004| 3759| 3598| 250) 245 
Final Tempera- 
ture Deficit (°C)| 0.11] 0.15] 0.26| 0.37] 0.32) 0.40] 0.44] 0.48] 0.62] 0.83] 0-86] o.81| 0.93) 1.46) I-70] 3.14| 3-42 
Final Downward 
Velocity 

(Masern 0.16} 0.27| 0.50] 0.77| 0.53| I-04]. 1.27| 1.45] 1.65] 2.61| ı.ıo]l 2.02| 3.19| 4-68] 5.18] 3-77| 5-1 


1 j.e. To cloud base. 


Using the values of z as a function of f given 
by (s), x may be found numerically or graphi- 
cally from the solution of (3): 


t 
x = Xpe lt + ker [ ett (x, (z) uw) dt 


0 


(6) 


where x, is the original mixing ratio of the 
parcel air. Saturation is reached when the 
value of x found from (6) equals the saturation 
mixing ratio of air at the temperature and 
pressure of the parcel. 

When the parcel becomes saturated, it will 
continue to subside for a time because of its 
temperature deficit and downward momen- 
tum. Consequently, some of the liquid water 
diffusing in must continue to evaporate if 
the parcel air is to remain saturated. In these 
circumstances the modified equations corre- 
sponding to (1), (2) and (3) above must be 
treated as simultaneous. The equation to 
which they lead, however, is non-linear, so 
that the computations become more complex 
than in the case of the unsaturated parcel. 
As will be seen, the penetration of unsaturated 
parcels is sufficient to establish the quantitative 
adequacy of the downdraught hypothesis. 


Consequently, the point where saturation is 
first reached is taken as the terminus. 

The numerical evaluations have been carried 
out for a cloud based at 1 km (16° C) with its 
top at 4 km (-2°C). Thus 9; =280°K, I,= 
6° C per km. The parcel entering the cloud at 
the moment f=o is assumed to have an initial 
relative humidity of so%. With a pressure 
corresponding to 4 km (ICAN) and a tem- 
perature of —2°C, this gives xp = 2.68 g/kg. 
The speed of the updraught, V, is taken as ı m 
sec“. Three values of liquid water content 
are used, 0.3, 1.0 and 3.0 g/kg. The first two 
values may reasonably be taken as representing 
average conditions in dry and wet clouds 
respectively (WARNER and SQUIRES loc. cit.); 
the last value is approximately the mean of 
the adiabatic value of this cloud, which varies 
from zero at the base to 6.2 g/kg at the top. 
It has been included in order to illustrate 
what rapid and deep penetrations would 
occur in a cloud of such high liquid water 
content. The vigour with which dry air 
parcels would penetrate it may explain why 
such high values of w have so far been ob- 
served only in isolated regions of cumuli. 

Calculations have been carried out on the 
basis of equations (4), (5) and (6). The results 
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of interest are shown in Table I. The calcula- 
tions have been terminated either when the 
parcel saturates, or when it subsides 3,000 
metres and so reaches cloud base, or after 
the lapse of an hour, which ever occurs fırst. 
The “absolute” penetration in Table I is the 
final depth of the parcel below its starting 
point. “Relative” penetration is the depth of 
cloud above it at the end of the calculation, 
assuming that the cloud top continues to rise 
at the speed of the updraught after the parcel 
enters the cloud; since dry air parcels may 
enter the top of a cloud equally well at any 
stage of growth this figure gives an idea of 
how deeply they may become buried in the 
cloud as a result of their own subsidence, and 
the cloud’s growth. For each value of the 
cloud liquid water content, only those values 
of k are shown which are necessary to illus- 
trate the behaviour of parcels of varying 
size. As will be seen from equation (7) below, 
the parcel size varies inversely with k. Small 
parcels (k > 6x 10°) are strongly cooled 
and develop high downward speeds, but 
saturate quickly. Larger parcels (k < 107%) 
remain unsaturated for a long time, but, except 
in the unrealistic case w = 3 g/kg, they are 
only slightly cooled and subside relatively 
slowly through the updraught. 

Table I indicates that parcels of a suitable 
size can penetrate deeply into growing cumuli 
in a period commensurate with the life-time 
of these clouds, especially when it is remem- 
bered that they can enter at all stages of 
growth (“Relative” penetration). The degree 
of cooling and the falling speed are both 
roughly proportional to the liquid water 
content of the cloud, and the values found for 
them are consistent with observed fluctuations 
in cloud, especially in the more realistic cases 
w,=0.3 and 1.0 g/kg. 

An inspection of Table I will disclose some 
apparent anomalies — small changes in k some- 
times give rise to large changes in parcel 
behaviour. These discontinuities are due to 
the fact that both the temperature deficit of 
the parcel and its downward velocity have an 
exponentially decreasing sinusoidal component 
(Equations (4) and (s)): The relative humid- 
ity of the parcel shows a similar behaviour. 
For certain values of the parameters, the parcel 
approaches saturation quite closely early in 
its history one of the peaks of the relative 
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humidity curve reaches close to 100 % — but 
nevertheless it remains unsaturated for a 
considerable time afterwards. In these cir- 
cumstances, a small change in the parameter 
k may have the result that the peak exceeds 
100 %, that is, the parcel saturates. This kind 
of discontinuity in the data of Table I does 
not necessarily imply an anomaly in the phys- 
ical behaviour of the parcels. It is due to the 
arbitrary termination of the calculations at 
the point where saturation is first reached. 
Thus it seems likely that in a case like we = 3 
g/kg, k = 5 x 107%, where saturation is just 
reached at the first peak of the relative humi- 
dity curve, the parcel would in fact quickly 
dry out again and continue downwards for 
some distance before finally saturating. 

It is impossible to give more than a very 
rough indication of the size of these parcels. 
However, it can be established that the opti- 
mal parcel size deduced from the calculations 
is not absurd in the physical context being 
discussed. Treating the eddy diffusivity, K, as 
constant, it is easily shown that 


k=c K/R? (7) 


where c is a constant depending on the form 
assumed for the profile of properties across 
the parcel, and R is the parcel “radius”; in 
the case of a vertically elongated parcel, R 
would be the radius of its horizontal cross 
section. Thus, in any one cloud, k may be 
regarded as a measure of parcel size, and this 
remains valid even though the eddy diffusivity 
depends on the scale of the phenomenon, that 
is, the effective value of K really depends on R. 
Prıestry (loc. cit.) has discussed the value of 
the constant c and has concluded that c = 8 
is a reasonable choice. The correct value of c 
is not likely to depart from this by more 
than a factor of 2. However, there seems to 
be no way of arriving at an appropriate value 
for K, even within an order of magnitude. 
The eddy diffusivity which is effective in 
causing mixing between the parcel and the 
cloud is that due to eddies significantly smaller 
than the parcel. It will be much less than that 
which might be deduced, for example, from 
an aircraft accelerometer record, assuming 
the turbulence to isotropic, for this would 
include the effects of the motion of the parcels 
themselves. On the other hand, it will evidently 
exceed the small-scale background turbulence 
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of the clear air outside the cloud, since the 
motion of the parcels, and of the upcurrent, 
will give rise to additional small-scale turbu- 
lence. It seems in any case unlikely that the 
appropriate value of K should lie outside 
the range 10? to 10° cm? sec}. Taking k = 
2.103 as the optimal value, the resulting value 
of R from (7) is found to be in the range 6 to 
600 m. Thus the optimal parcel sizes deduced 
from equation (7) are plausible in relation to 
the phenomena under discussion. 

Table ı indicates that, for any one value of 
the effective eddy diffusivity, only a narrow 
range of parcel sizes are capable of achieving 
appreciable penetrations in a reasonable period 
of time. In actual clouds, the steady state 
assumed in deriving this result never occurs, 
and moreover the parcels must often be 
reduced in size by attrition or by disruption. 
A large parcel may enter the cloud early in 
its growth and, although incapble of subsiding 
far, may later act as a source of dry air for 
the region near cloud base. Thus no literal 
significance can be attached to the detailed 
values in Table 1. The calculations can be 
regarded only as showing that certain down- 
draughts (of a physically plausible size) are 
capable of achieving significant penctrations, 
so that the proposed mechanism for introducing 
dry air into a cloud is quantitatively adequate. 
There is, of course, nothing in the calculations 
themselves to indicate how often such down- 
draughts occur in clouds, but the physical 
arguments of Section 2 indicate that they are 
common. 


5. Conclusions 


Theories of the interaction between cumuli 
and their environment have been reviewed in 
the light of the existing observations. Physical 
arguments have been given which indicate 
that the region around the top of a growing 
cloud may be an important source of the dry 
ait which mixes with the upcurrent. A theore- 
tical model of the penetration of a cloud by 
dry downdraughts has been set up, and the 
calculations carried out for a cloud 3 km deep, 
with an upcurrent of 1 m sec}. As can be 
seen from Table 1, these calculations show 
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that parcels of dry air can remain unsaturated 
while subsiding up to three kilometres (i.e. to 
cloud base) through the updraught in a time 
which is commensurate with the life-time of 
cumuli. Even after saturating, such parcels, 
being colder than the surrounding cloud, 
would continue to subside for some time as 
regions of relatively low liquid water content. 

A large number of such parcels entering 
the cloud top at all stages of its growth would 
result in a wealth of fine structure in the distri- 
bution of liquid water content and other 
cloud properties, and would have the effect of 
reducing the liquid water content and of 
cooling the cloud, especially in its upper 
parts. Thus the hypothesis affords an explana- 
tion of the presence of fine structure and of 
the fact that the observed liquid water content 
is nearly always less than the adiabatic value. 
It also explains the upward decrease of the 
ratio w/w,, and the frequent occurrence of a 
cloud lapse rate steeper than the wet adiabatic. 

On this view, the initial immersion of dry 
air parcels in the cloud is greatly accentuated 
when the cloud top becomes appreciably 
warmer than the environment. In addition, 
the deeper penetration which follows is 
achieved by motions which depend for their 
energy supply on the presence of liquid water, 
and which it appears have velocities roughly 
proportional to it. Thus a very wet cloud 
would be more susceptible to deep penetration 
than a dry one. The mechanism described 
therefore provides a type of automatic action 
which not only ensures that the lapse rate in 
the cloud shall not depart far from that of 
the environment, but also limits the concen- 
tration of liquid water. Both these aspects 
of the hypothesis accord well with the obser- 
vations. 

A corollary of the hypothesis is that there 
should be a radical difference in structure 
between convection in the clear air and in 
cloud; the presence of the liquid phase in 
cloud introduces an element of instability by 
providing a source of energy which is available 
to drive smaller scale motions. This situation 
has no analogue in the case of clear air convec- 
tion. 
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Abstract 


The literature shows considerable disagreement concerning the liquid water contents found 
in cumuliform cloud and the relation of observed values to those deduced from the adiabatic 
model. The present paper describes some observations in which two methods of measuring 
liquid water have been used simultaneously and found to be in good general agreement. How- 
ever, the two methods employed very different averaging periods, so that individual measure- 
ments were not strictly comparable. These results, and the observations of other workers, are 
discussed in relation to the general level of liquid water in cumuliform cloud and its variability 


in space. 


I. Introduction 


Some information concerning the structure 
and development of cumuliform cloud can 
be gained from a study of the spatial distribution 
of liquid water. While several observers agree 
that these clouds show a wealth of fine struc- 
ture, there is no general agreement as to the gen- 
eral level and the overall pattern throughout 
the cloud. Both aspects - the fine structure and 
the general level and pattern -are relevant to 
theories of cumulus growth and interaction 
with the environment and to the theory of 
rain formation by the coalesence of droplets, 
a process which certainly occurs in warm 
clouds, and is likely to be important also in 
many clouds which reach far above the freezing 
level. 


2. Discussion of previous measurements 


Measurements of liquid water content have 
been made by a variety of means; the most 
important difference between them lies in 


the averaging time of the instruments. All 
the measurements give an average value over 
a narrow strip of cloud of finite length, but 
this length ranges from a few kilometres in 
some methods to about a metre in others. 


(a) The general level of the liquid water content 


The earliest measurements in considerable 
numbers were made in connection with icing 
research. Lewis (1951) has summarized these 
measurements: the averaging distance employed 
varied from 3 km upwards; in 342 observa- 
tions taken in cumulus and cumulo-nimbus, 
the maximum value found was 1.71 £ me, 
and the median, 0.34 g m®. Best (1951) also 
discussed these measurements and concluded 
that the observed values were ordinarily less 
than those deduced from the adiabatic model 
of cumulus development. In order to explain 
this deficiency, following Srommer (1947), 
he postulated a lateral entrainment of dry air 
into the cloud. 
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ZattsEV (1950) deduced the liquid water 
content from the size of a coloured spot 
made by depositing the collected water on 
filter paper. This method apparently averaged 
over a distance of about 100 m. Zaitsev’s 
values are much higher than those found by 
most other observers. Indeed, in one of the 
two clouds for which he gives data, the 
measured value in the region of the central 
maximum exceeds the adiabatic liquid water 
content by a factor of about two; in the other, 
it is about equal to it. 

Day and MURGATROYD (1953) and Day 
(1956 a) have measured the liquid water con- 
tent of large cumuli with an icing meter and 
with heated cylinders. They gave the lag of 
the latter method as about 10 seconds and it 
may be assumed that their values represent 
averages over some 500 to 1,000 m. They 
quoted mean and maximum values for each 
traverse. In the measurements of Day and 
Murgatroyd the maximum value hardly ever 
reached 1 g m7’, and the mean was usually 
less than 0.5 g n°. In Day’s measurements, 
the maximum usually exceeded 1 g m”*, and 
perhaps occasionally 2 g m”, but the instru- 
ments used were incapable of measuring values 
above about 1.8 g m?. The average value in 
this series hardly ever reached 1.0 g n°, and 
usually fell in the range 0.3 to 0.7g n°. Com- 
paring these mean values with the adiabatic 
model, it is found that the ratio of the mean 
observed to the calculated value, w/w,, never 
reaches 0.5; in the first series, its median value 
is about 0.08; in the second, about 0.2. 

Day (1956 b) has recently made further 
measurements using a refrigerated icing disc, 
in order to avoid the loss of water which can 
occur at moderately sub-freezing temperatures 
when w is large, as described by LupLam 
(1951). In this series Day found maximum 
values of water content (w,) appreciably 
bigher than in his earlier work; in cumuli it 
exceeded 1.0 g m”? in a majority of cases. 
The maximum found was 4.2 g m®, and it 
seems that in some cases, w„ may have 
exceeded #,. Mean values were not given - 
these were no doubt much smaller. 
© WEIckMANNand AurM KAMPE(1953)deduced 
liquid water contents from measurements 0 
the transmission of light. The values quoted 
by them are the highest m the literature, 
reaching over 6 g m? in cumulus congestus. 
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About a quarter of their values exceed that 
found on the adiabatic model. However, their 
technique has been criticized by Fritz (1954), 
who pointed out that with a given liquid 
water content, transmission could be greatly 
reduced if small droplets (r&1 u) were present 
in numbers reaching some thousands per cmÿ. 
ELDRIDGE (1957) has recently made infra-red 
transmissometer measurements on Mt. Wash- 
ington, and deduced that at times some tens 
of thousands of such droplets were present, 
per cm’. Day (1956 a) made measurements of 
visibility and drop size as well as liquid water 
content during his runs through cloud. He 
used a modified form of Trabert’s formula due 
to Best (1953), to compute a value of visi- 
bility from his measured values of drop size 
and liquid water. The values obtained were 
about three times the observed values. Thus it 
seems possible that the water content values 
deduced by Weickmann and Kampe were too 
high. 

A series of measurements has been made by 
Warner (1955) using an instrument in which 
the impacted cloud water changes the elec- 
trical resistance of a paper tape. This method 
yields an average over a distance of the order 
of so m. The absolute values are similar to 
those found by earlier observers, with the 
exception of Zarrsev (loc. cit.) and WeIcK- 
MANN and Kampr (loc. cit.) whose values are 
higher. Comparing the observed peak values 
for each traverse (w,) with those calculated 
for the adiabatic model (w,), it was found 
that the ratio w,/w, was always less than 
unity; on the average it was about 0.5 near 
cloud base, and decreased upwards until at a 
level some 2,000 m above base it had fallen 
to about 0.2. 

Liquid water contents have been deduced 
from measurements of droplet sizes by SQUIRES 
using the imprints made on sooted glass slides. 
This method yields an average over a distance 
of about ı m. The values found are in general 
agreement with those of Warner. The mean 
value of w/w, was found to decrease from 
cloud base upwards, in the same manner as 
reported by WARNER (loc. cit.). 

It is clear from this summary that there 
is no unanimity concerning the general level of 
the liquid water content. Zartsev (loc. cit.) 
and WEICKMANN and Aurm Kamp£ (loc. cit.) 
found values which often exceed that expected 
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on the adiabatic model, and commonly reached 
several g m#. According to other observers, 
the average values for a traverse only occa- 
sionally reached 1 g m”®, irrespective of the 
size of the cloud, and in those cases where 
the observations could be compared with 
the adiabatic model, it seems that w was 
usually less than one quarter of tq. 


(b) The fine structure 


A transmissometer record reproduced by 
WEICKMANN and Aurm Kamps (loc. cit.) gives 
clear evidence of the occurrence of large 
fluctuations over short distances. It shows 
that great changes can occur in a distance of a 
few metres so that only an instrument with a 
time constant of much less than a second 
could delineate the fine structure, even if 
no more is attempted than to record all the 
fluctuations which are comparable with the 
average value. Markus et al. (1948) in testing 
an optical instrument designed to measure 
liquid water and cloud droplet sizes reached a 
similar conclusion. 

Further supporting evidence of an indirect 
nature is afforded by observations made with 
a microwave refractometer in two cumuli by 
Bussey and BIRNBAUM (1953). Their record 
of refractive index shows major fluctuations 
occurring over distances of only a few metres. 
A common rapid fluctuation is equivalent to a 
change in water vapour content of 1 ge, 
and it seems likely, on any hypothesis as to 
the origin of the inhomogeneities, that they 
would also appear to a marked extent in a 
sufficiently detailed record of the liquid water 
content. 

The measurements of WARNER (loc. cit.) 
give a direct indication of the variability of 
liquid water, averaged over a distance of the 
order of so m. There were large fluctuations 
during nearly all traverses; these were often 
in the nature of downward excursions from a 
rather characteristic peak level, to which the 
record returned when the fluctuation had 
been passed. Records of this nature could 
perhaps be interpreted as indicating the exis- 
tence of a number of cells. The downward 
fluctuations, however, were randomly distrib- 
uted across the visible cloud, and showed no 
systematic preference for the peripheral re- 
gions. The edge of the cloud was often quite 
sharp; the liquid water content apparently 
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rose from zero to its peak value within ten or 
twenty metres in some cases. 

In the measurements made by Squires (loc. 
cit.) the average value of the ratio w/w, was 
about 0.2, but occasionally the full adiabatic 
liquid water content was encountered. Out of 
some 300 spot measurements, this happened 
only four times. Rather more frequently, well 
inside clouds, a zero value was found. These 
measurements, usually spaced some 200 m 
apart, showed marked variation from one 
observation to the next. Superimposed on 
the trends which appear in Warner’s records, 
there appears to be a still finer structure of 
almost equal amplitude. 


3. A comparison between two instruments 


In order to try to resolve the question of 
the general levels of liquid water content, and 
to investigate further the fine structure of 
cloud, a comparison has been made of the 
instruments described by WARNER and NEWN- 
HAM (1952) and Squires and GILLESPIE (1952). 
These two methods, the general principles of 
which have been mentioned above, are funda- 
mentally different in operation, and have very 
different averaging distances. It seemed there- 
fore that if they were in agreement concerning 
the general level of liquid water content, it 
would be most unlikely that both should be 
wrong. 

The comparisons were made by operating 
the two instruments simultaneously from one 
aircraft in two series of measurements: in 
the orographic cloud of Hawaii in 1954* and 
in cumuli in Eastern Australia in 1956. The 
results obtained on a series of runs through a 
cumulus cloud are shown in Fig. 1, which 
demonstrates the typical variability of liquid 
water found in cumulus with both instru- 
ments. It also shows that there is fair general 
agreement, although on a few occasions the 
two instruments are in very considerable 
disagreement. From what has been said above 
about the fine structure of clouds, and con- 
sidering the difference in averaging distance 
of the two methods, this is not a matter for 
surprise. A scatter diagram showing the re- 
sults of all the comparisons made on this day 
is shown in Fig. 2, which again shows the 
similarities and differences apparent from the 
individual records of Fig. 1. The mean water 


* See Tellus, Project Shower, 9. (Editors note.) 
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Fig. 1. Comparison of record of liquid water meter with values of liquid water 
deduced from droplet spectrum (circles) at various times during traverses 
through cumuli. 


content deduced from droplet volumes in 
155 samples in cumulus cloud in 1956 was 
0.267 g m”?; that obtained from the record of 
the water content meter at the times of 
sampling was 0.295 g m®, which is 1.11 times 
that deduced from the droplet volumes. 
The maximum values obtained on both in- 
struments were near to I g m%. The modal 
drop diameter of the samples ranged from 7 to 
26 microns with a mean of 17 microns. No 
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Fig. 2. Scatter diagram showing typical comparison 
between values of cloud water content deduced from 
liquid water meter and droplet spectrum (one day’s 
observations). 
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significant correlation was found between 
the ratio of the measurements of the two in- 
struments on a cloud sample and the modal 
droplet diameter of that sample, which suggests 
that the agreement is not a chance event 
depending upon some peculiar property of 
the droplet spectra. 

Similar comparisons were made from the 
data of Squires and WARNER (1957) relating 
to orographic cloud on the island of Hawaii. 
In this case, however, the degree of simul- 
taneity of observations was not as great. 
The mean water content deduced from the 
droplet volumes in 92 samples was 0.349 
g m#; that obtained from the record of the 
water content meter at the times of sampling 
was 0.280 g m? which is 0.80 times that 
deduced from the droplet volumes. The modal 
drop diameter of the samples ranged from 7 
to 104 microns with a mean of 32 microns. 
The ratio of the water content measurements 
was again independent of modal drop diam- 
eter of the sample. 

Since the two instruments obtain their 
values of liquid water through two totally 
different techniques and the calibration proce- 
dures were also completely different, it must 
be concluded that both calibrations are prob- 
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ably correct to within about + 20%. How- 
ever, it is clear that with these instruments 
or any others used for measurement of liquid 
water content both cloud structure and in- 
strumental averaging time must be borne 
closely in mind in interpreting the observa- 
tions. 


4. Conclusion 


From these comparisons and the observa- 
tions: discussed in Section 2, it seems that 
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cumuliform cloud cönsists typically of a large 
number of regions of relatively high and low 
liquid water content, the horizontal extent of 
which apparently ranges upwards from a few 
metres. It appears that the full adiabatic liquid 
water content in cumuli is realized, if at all, 
only in regions which are of negligible size in 
relation to the cloud as a whole. In most cases 
the liquid water in the main body of the 
cloud is less than a quarter of the adiabatic 
value, and often considerably less. 
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Eccentric Circumpolar Vortices in a Barotropic Atmosphere’ 


By EARL W. BARRETT, Department of Meteorology, University of Chicago 


(Manuscript received May 29, 1957) 


Recent investigations (LA SEUR, 1954) have 
shown that on many occasions the circulation 
of the middle troposphere possesses a marked 
eccentricity; i.e., the center of symmetry of 
the flow is found at a considerable distance 
from the geographic pole. At such times the 
intensity of the zonal component of the flow 
(calculated with respect to the geographic pole) 
is low, while the meridional component 
appears large. Harmonic analysis of the motion 
reveals that most of the energy of the merid- 
ional motion is concentrated in the first 
longitudinal harmonic (wavelength 360 degrees 
of longitude). If, on the other hand, the 
motion is analyzed with respect to the circula- 
tion pole (centroid of the streamline field), 
it is found that the purely zonal component 
in the coordinate system thus defined is often 
as great or even greater than in those cases 
where the motion is symmetric about the 
geographic pole. Thus the zonal index calculat- 
ed in geographical coordinates may at times 
give a rather misleading picture of the character 
of the circulation; what appears to be a flow 
with a large meridional component may actu- 
ally be a rather symmetric zonal vortex with 
respect to an eccentric pole. 

As far as this writer is aware, no previous 
theoretical analyses of the behavior of eccentric 
vortices having a scale comparable to the 
planetary dimensions have been made. RossBy 
(1948, 1949) has treated the case of an axially 
symmetric vortex embedded in an atmosphere 


1 This paper is an extract from a dissertation submitted 
to the faculty of the Department of Meteorology of 
the University of Chicago in partial fulfillment of the 
requirements for the degree of Doctor of Philosophy. 
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at rest with respect to a rotating earth; the 
model so arrived at is compatible with the 
observed behavior of cyclones and anti- 
cyclones with diameters small compared to 
the planetary diameter. In the Rossby model 
the vortex is subject to an acceleration equal 
to the area integral of the Coriolis force over 
the horizontal extent of the vortex divided by 
the mass of air bounded between two surfaces 
of this horizontal extent which are separated 
by unit height. This resultant Coriolis accelera- 
tion 1s not balanced by any pressure gradient 
in the resting environment and hence produces 
a meridional component of translation of the 
vortex as a whole. This approach is obviously 
unsuitable for the study of a vortex which 
occupies the entire sphere, since no pressure- 
gradient-free region can surround such a vor- 
tex. 


The balance of the present paper is devoted 
to the derivation of an equation governing 
the behavior of eccentric circumpolar vortices 
covering the entire sphere which are initially 
purely zonal with respect to the circulation 
pole, and to a brief discussion of the resulting 
motions for a few simple cases. The flow is 
assumed to satisfy the two-dimensional non- 
divergent barotropic vorticity equation. 


The circulation pole is assumed to lie ini- 
tially at geographic latitude 4) and geographic 
longitude À,=0. The stream function y for 
the motion is taken to be a single pure zonal 
spherical harmonic; hence the motion at t=o0 
is prescribed everywhere on the sphere by 
the equation 


y=A+ BP, (sin y) (1) 
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where A and B are independent of position, 
P, is the zonal harmonic (Legendre polynomial) 
of order n with argument sin ¢, and & is 
latitude measured with respect to the eccentric 
pole. The instantaneous zonal angular velocity 


of the flow is given by 
À= a"? sec d 2p/d = a ? sec p BP, (sin d) (2) 


One must now find solutions of the vorticity 
equation 


V2(dplat) +v:v(v?y+f)=0 (3) 


which satisfy (1) as an initial condition at t= 
o and which are finite, single-valued and 
twice-differentiable over the sphere. It is 
possible to express the Coriolis parameter fas a 
function of latitude and longitude in the 
eccentric system; this was, in fact, the first 
approach used by the writer. Such a solution 
is rather laborious, occupies excessive space in 
print, and is obtained in a form which masks 
the physical significance of the result. The 
same solution is obtainable much more simply 
by transforming (1) to geographic coordinates 
and solving (3) in the geographic system. 

The transformation is readily accomplished 
by use of the “addition theorem” for zonal 
harmonics (JAHNKE and EMDE, 1943, p. 115). 
In the notation used in this paper, this theorem 
may be written 


P, (sin ¢) = P, (sin dg) P, (sin bo) + 


2 remy in 4) Pa in 8) 
cos m(Ay — Ag) (4) 


where dy and À, are the geographic coordi- 
nates of the eccentric pole from which ¢ is 
measured, and ¢,, A, are the geographic 
coordinates of any point on the sphere. Since 
Ay=0 initially, the stream function equation 
in geographic coordinates becomes 


w=A+BP, (sin do) Pn (sin he) + 


L (n = m)! mys m/s 
+2B 2 ea P (sin ho) Pn (sin dg) 


cos mA, (s) 


Inspection of (5) shows that all zonal and 
tesseral harmonics in the streamline field 
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possess the same lower index n. Such an en- 
semble of harmonic waves is of the type 
discussed by NEAMTAN (1946). The property 
of such a set of waves which is of major 
interest here is that the resultant streamline 
field is a pattern in which the isolines of rel- 
ative vorticity always coincide with the 
streamlines. This follows from the fact that 


the relative vorticity V?y, of any tesseral- 
harmonic stream function component is given 
by the associated Legendre equation 


m 


Veyıtn(n+1)a?yn=0, 
m m ; 
Wn =Binn Ps eimig (6) 


so that, if n is the same for all the y, the rela- 
tive vorticity is given by 


V2p= —n(n+1)a 2, 


n 


v- > Brn Pi (sin de) ee (7) 


m=O 


and is simply proportional to the value of y 
at each point. From this it follows that the 
velocity vector of the flow is always tangent 
to a line of constant relative vorticity and 
hence the advection of relative vorticity 
vanishes everywhere. This implies that there 
can be no generation of new zonal or tesseral 
harmonics by interaction between the existing 
harmonics, hence n can never take on any value 
different from the initial one. Thus the solution 
of the vorticity equation (3) for a set of 
waves of this type will be closed with respect 
to the index n (and hence with respect to 
the upper index m also), since the term v- Vf 
does not introduce nonlinear interactions. 

Substituting (7) into (3) and setting v- 
-V(V?y)=0o and v: Vf=2Qa-dp/dd, gives 
the vorticity equation applicable to sets of har- 
monic waves of the type given in (s) 


202 dy/dhg —n (n+ I) Op/dt=o (8) 


This is immediately recognizable as the equation 
for one-dimensional wave propagation in a 
linear non-dispersive medium. All harmonics 
propagate without change of amplitude in 
the negative A,-direction with the same 
angular speed w=2Q/n(n+1). The solution 
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of (8) which is satisfied by (s) as initial condi- 
tion is 


y=A+t BP, (sin ho) P, (sin de) + 


| (n-m)! om). Modi 
is (n+ an ICING eS) 
cos m [Ag + 2Qt/n (n+ 1)] (9) 


But this is identical in form to (4) with-%, 
replaced by—|A,+2Qt/n(n+1)]. Hence (9) 
may be transformed back to an eccentric 
coordinate system with a moving pole located 
at geographic coordinates do, Ay — 2.Qt/n (n +1). 
The stream function in this coordinate system 
is the original one, y=A+BP, (sin ¢), with 
& being measured from the moving pole. 
It has thus been shown that an eccentric 
circumpolar vortex in a barotropic atmos- 
phere, for which the stream function is 
expressible as a pure zonal spherical harmonic, 
retains its shape and intensity unchanged 
while the eccentric pole executes a retrograde 
precession about the geographic pole at an 
angular speed 2@Q/n(n+ı) which depends 
only upon the rotation speed of the planet 
and the number of wind speed maxima in 
the vortex. The sense of rotation of the 
vortex and the magnitude of the wind speed 
maxima (which are determined solely by 
the coefficient B) do not enter into the equation 
for the precession rate. In this respect the 
vortices considered in this paper differ markedly 
from those treated by Rossby in the previously- 
referenced papers; the sense and speed of the 
motion were major determining factors in 
the subsequent displacements of the vortices 
considered by Rossby. These differences are 
in no way surprising, since the physical 
models are highly dissimilar. It is of interest 
to note that the area integral of the Coriolis 
force over the entire sphere vanishes iden- 
tically for the vortices treated in this paper. 


The precession speeds and the latitudes and 
number of wind maxima are listed in Table I 
for the first few values of n. Directions of 
the wind are those obtained with negative 
values of B. Latitudes refer to the eccentric 
coordinate system. 
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Table I. Properties of some Zonal Harmonic Ec- 
centric Vortices. 


(No. Wind Latitudes and Directions of a 
Maxima) Msn Pole, Days 
I Equator, W. (Solid Rotation) I 
2 SAW ASE 3 
3 +59°, W; Equator, E. 6 
4 (SPS WES XO eh 10 
— 20.5, W; —67°, E. 

5 TON NUE DE. TS 
Equator, W. 


It is, of course, rather unlikely that the actual 
streamline field in the atmosphere can be 
fitted closely at any time by a single zonal 
harmonic. It is apparent from Table I that a 
zonal harmonic vortex gives a streamline 
field that is either an even or an odd function 
of latitude. In general in the atmosphere one 
expects a rough symmetry of the wind field 
with respect to the equator, hence the odd 
functions (# even) are not too likely to be 
found in the real atmosphere. The even 
functions display the desired symmetry, but 
unfortunately always yield a wind maximum 
at the equator, in disagreement with the facts 
in the real atmosphere. It is therefore probable 
that more than one value of n would be 
required to describe the actual zonal wind 
field. In such a case the vortices associated 
with each value of n would interact non- 
linearly to generate new harmonics. However, 
in cases of square-law nonlinearity (such as 
the relative-vorticity advection term in the 
vorticity equation) one always finds in the 
response function the same harmonics which 
would have been present in the absence of 
nonlinearity (although changed in amplitude) 
in addition to the new harmonics generated 
through the nonlinearity. Therefore one 
should expect to find evidence of eccentric 
circulations precessing at the indicated rates 
in the atmosphere even though they may be 
hidden in a mixture of other wave motions. 
For example, if a part of the total complex 
motion is a solid rotation about an eccentric 
axis (n=1), a diurnal wave in the stream 
function should be observable at each station. 
The corresponding variation in the geopoten- 
tial is readily deducible by taking the diver- 
gence of the vector equation of motion so as 
to obtain the “balance equation” in the form 


n Vy+Vn: Vy=Vv?(G+1/,v:v)=V?Q (10) 
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where n is the absolute vorticity and G rep- 
resents the geopotential (to avoid confusion 
with the symbol & already used for the 
latitude). Substituting from (9) into (10), 
with n=1, yields a Poisson equation which 
is readily solvable for Q since the lefthand 
side of (10) consists of a finite number of 
spherical harmonics. The geopotential is ob- 
tained by subtracting from Q the squared- 
velocity term, yielding 

G=K-B2/3a2 + [2/,QBP, (sin di) — B2/3a2 P, 
(sin o)] P; (sin de) + [2/3 BP, (sin do) - 
B?/9a? P1, (sin &,)] Pty (sin bg) cos (Ag + 2t) — 
B?/36a? P3 (sin do) Pz (sin Pg) cos 2 (Ag + Of) 


which shows that the oscillation of geopoten- 
tial at a station possesses a diurnal and a semi- 
diurnal component. It is well-known (Wirxgs, 
1949) that the surface pressure (or 1,000-mb 
geopotential) does in fact exhibit such oscilla- 
tions, and that the semidiurnal component 
varies with latitude approximately in accord- 
ance with a P3-distribution. These pressure 
oscillations are usually attributed to a tidal or 
thermal forcing and involve a divergent 
atmospheric model. The analysis in this paper 
indicates, however, that a non-divergent 
atmosphere with purely two-dimensional How 
may also exhibit pressure oscillations with 
diurnal and semidiurnal periods. It is therefore 
reasonable to inquire whether or not the mech- 
anism treated in this paper, i.e., a solid 
rotation of the atmosphere about a slightly 
eccentric pole, might contribute a part of 
the observed diurnal pressure variation. 

The data indicate that the amplitudes of 
the diurnal and semidiurnal components of 
the “solar” pressure oscillation are of the 
same order of magnitude at most stations; 
the semidiurnal wave is usually somewhat 
the larger of the two. Substituting various 
values of B into (11) shows that for all solid 
rotation angular speeds up to 100 deg long 
day-! the terms linear.in B are at least one 
order of magnitude larger than the quadratic 
terms (i.e., the motion is geostrophic to the 
extent of 90 per cent or more) and that there- 
fore the semidiurnal amplitude factor is less 
than two per cent of the diurnal amplitude 
factor. It thus appears that the observed 
oscillations cannot be accounted for by an 
eccentric solid-rotation vortex unless the 
semidiurnal component is amplified by a 
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factor of at least 100 through a resonance 
phenomenon. Such a resonance phenomenon 
involves a divergent atmosphere and hence 
falls outside the scope of the model used in 
this paper. However, it is imaginable that a 
divergence field might exist which is small 
enough to leave the two-dimensional flow 
pattern nearly unaffected while permitting 
the necessary resonant amplification. 

Another factor must be considered, however. 
It is observed that the phases of the oscillations 
in the real atmosphere vary only slightly over 
the year with respect to solar time. Since the 
factor Q appearing in the dynamical equations 
is the sidereal rotation rate of the earth, it 
follows that the periods of the pressure oscilla- 
tions appearing in (11) are one sidereal day and 
one-half sidereal day respectively. The phases 
with respect to solar time of the oscillations 
described by (11) should therefore shift through 
360 degrees during one solar year. Since only a 
small phase change during the year is actually 
observed, one must conclude that the contri- 
bution to the diurnal pressure variation from 
an eccentric vortex of solid rotation must be 
much smaller than the solar tidal or thermal 
influence. 

The antisymmetric vortex with n=2 might 
conceivably play a part in the 20—30 km 
region. Evidence presented by SCHERHAG 
(1948) and KOCHANSkI and Wasko (1956) 
supports the notion of a circulation at these 
levels which is anticyclonic in the summer 
hemisphere and cyclonic in the winter hemi- 
sphere. Eccentricity of this flow should give 
rise to a 3-day cycle in the stream function at 
these upper levels. 

The symmetric case with n=3, with its 
associated 6-day cycle, is at best only a rough 
approximation to the flow in the middle 
troposphere, but might be present as one 
component of a more complex flow. The case 
n=5 (with sense opposite to that given in 
Table I) might possibly be found in the lower 
levels of the troposphere, where the eccen- 
tricity would give rise to a 15-day periodicity 
in the pressure or geopotential. 

As already pointed out by La SEUR (1954), 
it must be recognized that on many occasions 
when eccentricity is well-marked the circula- 
tion pole is quasi-stationary. Obviously such 
situations cannot be explained in terms of the 
simple model and must be regarded as the 
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result of orographic or thermal forcing, as 
discussed by FRENZEN (1956) and La SEur 
(1956). 

It is of some interest to note that the analysis 
given above is not restricted to purely zonal 
spherical-harmonic streamline patterns but 
may be extended to include any wave pattern 
consisting of one or more tesseral-harmonic 
components plus one zonal-harmonic com- 
ponent in the eccentric coordinate system, 
provided that all of the harmonics have the 
same lower index. If the stream function in 
the eccentric system be written in the form 


y=A+BP,(sind)+ > Cy pe (sin ¢) ei" 


m=I 
(12) 


in which the C,, may be complex, it is seen 
at once that this equation satisfies eq. (7). 
The direct transformation to geographic co- 
ordinates cannot be carried out on eq. (12) ina 
simple manner because the “addition theorem”’ 
of eq. (4) is not applicable to the associated 
Legendre polynomials. The author has been 
unable to locate or deduce the law of trans- 
formation "for these functions. Fortunately, 
however, the proof of the extended analysis 
does not require the transformation but rests 
on the establishment of the invariance of 
certain quantities under the transformation. 
It has just been stated that the stream 
function in eq. (12) satisfies the condition that 


V>p= —n (n+1) ay (7) 


Now y is an absolute scalar field and hence 
V 2p is also an absolute scalar field; the numer- 
ical value of the Laplacian at each point is 
therefore independent of the choice of the 
coordinate system, as is the numerical value of 
the stream function itself. Therefore only 
the one value of the lower index n may 
enter into the specification of the Laplacian, 
regardless of the coordinate system adopted. 
The geostrophic velocity vector v is an ab- 
solute vector, since it is computed from the 
surface gradient of the absolute scalar y. The 
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quantity v- 7(Vyp) is therefore also an abso- 
lute scalar. Since it is clear from eq. (7) that 
this scalar vanishes in the eccentric coordinate 
system, and since it has been shown to be an 
absolute scalar, it must vanish in any other 
coordinate system. It has thus been proved 
that, whatever be the law of transformation 
of the associated Legendre polynomials, it 
cannot result in the introduction of polyno- 
mials with a lower index different from the 
value chosen for use in eq. (12). The scalar 
v- Vfislikewise an absolute scalar, hence eq. (8) 
applies to the stream function of eq. (12) 
without modification. Since the conclusion 
regarding the precession rate of the pole is 
reached by (a) a coordinate transformation, 
followed by (b) solution of eq. (8) for the 
propagation velocity in the geographic system, 
and (c) performing the coordinate transforma- 
tion which is the inverse of (a), the proof 
given above that eq. (8) is applicable to the 
set of harmonics in eq. (12) suffices; the law 
of transformation need not be specified. 

The precession rate of the eccentric pole, 
—2Q/n(n+1), is the same as the propagation 
speed relative to the geographical coordinates 
of harmonic waves with lower index n; 
hence the wave pattern is stationary in the 
eccentric system. The wave velocity as measur- 
ed by an observer on the ground is seen to be 
unaffected by the choice of an eccentric 
coordinate system; only the amplitudes and 
phases of the various harmonics are altered by 
the choice of coordinates. The use of an eccen- 
tric pole may nevertheless be desirable on 
occasion in order to minimize the number and/ 
or the amplitudes of the harmonic waves 
which might be involved in a particular com- 
putation. 
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Current Data on the Chemical Composition of Air an Precipitation XIV 
(For further information see Egnér, H., Eriksson, E., Tellus 7, pp. 134—139, 8, p; 285 and 517) 


mg/m? JE f ugim® (=kg//km®) 
© 
mm a a pH le ni Ai 
Code S CI Sr Na | K | Mg | Ca = LOSC | Na | Kj Me | Ca 
Bi |e ao 7 | 
Precipitation May 1957 (D 705) | Air May 1957 (L 705) 
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RS a ill) On Ou ES LOT ee ENTE 
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EE eS 
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Oj 2. 2 16 5 Ts 10 4 Al Se zul ide) > SE X SAS CSI 
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mg/m? _ 
= 
mm a gi pH 
Code SOLS | Na | K | Mg] Ca 
Zale 


| ug/m°(= kg/km?) 
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mg/m: SL, pg/m*(=kg/km’) | 
S| Cl} ¢ | a | Na} K | Mg] Ca Sela} s | a nf | Na| K | Mg] Ca 
PAM hs Z 
Precipitation Febr. 1958 (D 802) | Air Febr. 1958 (L 802) 
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mg/m? Se ug/m?(=kg/km?) 
= o g zZ 
mm A fi pH EN Rae 
Code s | ci | & | a | Na} K | Mg] Ca S lela] S | Cl] op | Na| K | Mg! Ca 
ee | 7 A | 
Precipitation Febr. 1958 (D 802) | Air Febr. 1958 (L 802) 
Rj 23| 16| 200 2 2| 100 Sl, 23 8| 5.3 ol 372% 9:21. 951, Tel ees E07 08 3.7\ 
Vn Az 6812031071) 2 IC | 7618.47124.9 ol 35 
Gr 49| 84| 208| 15| 33] 110] 26| 16| 57| 4.5 o| 46 =| 
Od 54| 70] 180] 16} 29} 1o0| 10] 16} 32] 4.9 © Se ene nee Gest Gea) 222510622 8.5}, 
Bs 72| 106] 564] 20] 27| 327] 33] 43] 39] 46] o| 48] —) — 
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Vd SI37leuS | 2 ro 2212610478 Ol 20 
Bl THRTOO|EIZAlS TEE 272 OBI 7817 220 511045 o| 34 
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Hö 70| 97| 503] 25| 28) 282| 31|. 40] 49| 4.8 o| 51 
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Ed SL 348 72 OS IR 06510 27 A Seidl Ges: o| 23] 13. | 4-6) 1.4) 3.1) 0.2) 1.2) 2.0} 
Es 1281260501 26 027210 231 270 310 521 ol 22| 4.3| 4.9| 92| 1-4), 0.91 0:51.81 
Ice 72101205 230|2.20|0 302.860 1217 262 534.2 © 48 3823 | 8:71, 3922.41, 0:08 551 248 
Ro 59 402607 15|7 12] 1350| 16/7 22) 2431 44 © 58213231223) 29 72 0 7:06 Olle ze 
NA 1209| 100|1 Ooo] 14| 41| 610| 37| 76| 220] 6.2] 60| 56| 3.4| 8.3| 3-9] 3.7| 0.3] 1.6) 3.6 
Ca 89| 138|1 406 5} 46| 761| 38| 107| 53| 5.8 4. 651 122| 3:0) ra 3.660530 05800 
DA 102| 173] 408 9 23] — —| —| —I 5.2 o| 30 
Va 131| 183|2620| 37| 17 5.9 6| 74 =|) lon 
Sc 8007891253215 3310 33162531, Soin Sole Cole 7x o| 51] 30.0|23.9| 7.9|10.5| 3.5| 1.6| 5.3 
BV 5316206) 722617 TS Tole 0817 2517 331 1681. 44 o| 52] 39.610.00 —| 1.4] 1.0] 1.5| 4.9 
Bn 73\ 240) ı17| 231 35|7 43| 16) 3715801, 5.9 ON 5814.01 3741 521024 2a Taler 
Au 124 E108 82402710 740 3517.22|0 21067921044 fe) T9.| 20.5] 12:8) 3.21 2.61 Eats 2,00 2 
Fe 193 o og TA ol 732 741° 151, 987 4.8 fe) 9| 9:9) =4.0] 0.5} 0.2] O16) Tah) 5% 
Ba PLO 0173202335172 3] 147] 12 6| 118] 5.2 fo) 91m 9:4) 7:21 Babl 7 1215070 0.8102 
Ho 106| 211| 118 fo) ol 40] 242] 18] 158] 5.5 fo) 18:| 55:3(35-7) 73 23 1:5), 0.800207 
Rm 83| 162| 16| 18 ol 23! 15| 125991=6.17| 240) >35| 28.7] 5-0) 20.5) 240121 0.2125:6 
Et 81| 122 7, ME oe 157 20) 15) 0 7218 47 ol 17.15.3| 5-5) 7:0| 2O.o|” 0.6)" 08.412 26 
He 
Rz 20| 59 CP gy) ae Io 4 7| 64| 5.6 fe} 29| 13.9] 4.2] 4.2] 2.5] 1.0| 0.4] 3.2 
Wi 51| 105 00.2310 AIG] ane} 8] 17] 188] 5.0 0} 25) 35:5) 7:2 Sal 220 12 02a 
Lz 130| 136] O61] 25 Fle 3217 2217 261523510 5:70 280023 I1.7j 3-6] O25) 2.017 32912 0.914535 
Kl 57| 86 o 6m 17 6 7| 16| 65| 4.9 o 51.5 S51 9173| 3-20 0.8057 
BL 
DH 41| 241/3 914| 32| 15|2 378| 80] 246| 201| 4.4 | 340] 15.1] 6.6) 5.2) 3.2, 1.31, 451208 
DB 52| 120| 271| 40| 44] 151| 12) 24| 47) 4.3 ©} 56|’15.9 13:2] 5,61,12.612 2.217 2.810027 
W 69| 44| 303| 36| 44| 183 2] 28| 35| 4.3 o| 49) 34.3] 72:91 52137011 2:61, 62177358 
SA 94. 718|2.62717 5317 5217 2821) Toll 3710 Sell 24 o| 48] 13.2|19.0| 4.4| 2.7| 1.6) 1.6| 3.0 
U 871.128 1391, 371 37 66| 13| 14| 62| 4.3 o| 40] 49.4|48.5| 4.4] 2.3| 1.5] 3.3] 0.8 
B 297| 95| 255] 86] 50) 140] 21] 24] 98] 4.61 o| 20| 16. | 13.4] 1.2] 1.2] 0.7] 0.7] 08 
D HO 2h MOINE) CAL MS 7 30 4710 4x8 o| 177 O2 acer Aer) 2 3) 0 0) Ro SION" 
MH | el 712 7 CIM Ta 428 o| ı9| 20.6|/12.4| 2.8| 6.6| 0.6| o.7| 1.0 
Rs 107| 61| 684| 12 I} 353] 5) 45| 31| 5.0 oO 29 il 45212061 0881 02,0 LEO) 
LM 102| 82| 217| 16} ı4| 127 Tie OWS Olle 5 fe) 171.30:51 81717 0) 2,81, 0:21.2.61. ony 
Lx 1731 8817 66) 26 5| „38 7| 10] 40| 4.9 o| 10] 16.5] 89.0] 64.2] 53.3| 19.3] 1.5] 2.6 
Bg 44] 43 65 6 Oo} | 32 4 7 55) 5.7 3 1811 19:3| 4481 5:71, 151002, 071078 
Ae 82] 103| 62| 20 3) 28 7 Zle1r470 75,01, 25 20 
Za 
DORE © u en Sl FIT ER ARE N = RE Bea Een ER À Ne, À 
Precipitation March 1958 (D 803) Air March 1958 (L 803) \ 
| NE _ 
Kn 8| 16| 320 ‚| 4| 211 9| 3 41| 6.1) 24] 304| 6.31143.| 1.7l152.| 7.1] 12.0] 11. 


9 
Ri S| ain 76 2 4| 33] 10 4 42) 6.7) 74] 54 x X| x x x x x 
Ki 7 4 5 fo) o 4 2 2| 13| 6.0| 45 14 x x x x x x x 


Tellus X (1958), 3 


NOTES 405 


mg/m* S és à ug|m? (=kg/km*) 
== = = 
mm a A 5 pH ae LE = ‘i 
> Cl Ss (ei Na | K | Mg| Ca S rxlQ] S Cl acl Na| K | Mg} Ca 
AN ra a Z 
Precipitation March 1958 (D 803) | Air March 1958 (L 803) 
II Li 6 I it 5 3 SEELE MONT 34 15| x x x x x x x 
2 24 7 4 8 6 3 ABS fe) 27037, 220781, 07204 2240552 
TO MER bi 2 2 II el Tan ra) 5.3 PTS RSS TOI 100350 1523 ar 
18} 19 Io 2 3 Io 7 Ze 240558 SI 13) GO 2 223507 
gi 7 6 I 2 8 3 272057 15 Di ex x x x x x x 
6 I 5 I I 12 4 2| I4| 6.4| 68 23 | 3:0 7.228 08:3 TO 07:6 03241959 
Zl) ES 7 2 2 5 2 3 8| 4.3 
OFT 4 2 T 9 6 2 o| 5.1 oO] 34 
2S 2a 9 fe) I 7 6 6 o| 6.0| 18 12 
le zZ 13 3 2 4 5 21 68187:3102450|0. 10018.9.0| 2742227 27.012728, 0415547 
30| 33 30 A 2 20] IO i 2 6.2 O 18187271 081.073 15. OO) Corl] x1}, 2.5 
G\ 20 II I fe) 6 6 62 240 67 34| 38115 670 oe) 220107281 1:5|02.0:0 
Kol 322 TZ 4 6 9 3 5 9| 4.8 OMS Ro mo AIR 2er ee Ol oO) ro 
FO se Pe 4 2 8 4 All ee S| is 
127225 18 4 3 8 6 Gl By) Ou] AG Baill 7 0 axel) 2,6505], Hu, wo ZL. 
2) — 2) — | — 3 ©.9..0:0|5 252. xsi] Ce]! xe]! sino) 
Tal 120 12 6| 22) -10| 17) 14) 6106| 45 oE290 ex x x x al Sal xx 
27. 38 13 5 G 9 3 SIN 25) 5-1 00229 ieS]| XO) SO] 0:3127.21203 027, 
S| 26) 20 6 7 14 9 4| 14. 5.9 ©| TE) 2) wo) | Tes}, 3 Tedd Has 
5 7 21 4 4 II 2 3l 16| 5.65 — 50 FB) 2A) 23) C2) 4) 07)N0 
3 3 74 3 2 18 3 A 25 COIN — FANART 323528024201 7.2.1102:0 5093 
4| 39| ISo 5 4| 120 7| 46| x1) 4.7] —| 220) 4.5] 7.2| 1.0] 2.9] 0.8| 0.8] 3.9 
49| 43 4 8 A Io S zul 562 ol ~ 260)) x x x x xl OS 8 
el 2 23 4 2 9 3 AU cri lees Aa) a2) Ox! 771 |0.0.7 83° 203|2.0:8 
Tee 792 58 5 2| 36 5 er 1485.00 13) 25 
283m 100 Son zul 5850 Ol all sal SO o| 344 | —| — == — 
Ge 24 8 RES 2 3 A 45 Gf GO) Tvl) Geol] Geol Zee) ee aealace 
zo SQ) Sie “Or a Al -A 551-56 Qi 33 
FO 34) 22 7 8 14 4 ZUNE @| Zan) 2 a3) cil) 0:92 05.72.0535 
all las 17 Sl) LO Er 4 4| 35| 4.9 | 35 23 SC) 3 esi] TG) rt 
Si 170 28 5 ANT 3 9| 12| 4.4 ON 28) Sl Oso) 22 Os] CS Wo 
It] 36 52) z2|7 23 31 3 6| 15| 4.4 © Oi) oa) Bz) 28 0 wo RE a2! 
IQ} 40 42, I 13 23 2 Zi 202471 [6) 45 x X X X X x x 
CCS LO = 
20| 24| 100 3 6 74 AO 2) Kr) 23 SOI x x x ||. À X 
28 TT 90 3 S| Sa or HO) 2 35 22 
24| 53 79 2 5| 45 Al are] re OS 5220220 
DENTS 10 2 5 6 2 2) 1364) 28 15 
9 130.740 6 22 So za 202510.0.8|, 3902 720 
7 5 I 3 6 3 3| 19] 7.0] —| 36| 1.5] 0.0| 4.7] 0.2] 1.1] 0.9) 5.9 
3 4 5 I i 2 2 2 4| 6.0 
fe) 
57| 40} 160 3 AL 120 a DSi) 821 20 ae) - 
4 3 > 2 2 6 3 3, 2a OS = axe) 
° SF) ©; Te ve seid) Ae 
1315530270 8 4| 170 CI re 40 Ol) =91.| 752272 a or 2 el 
4 5 3 — | = 2 0 — 8| 4.9 Ol 220 5.50 1.8| 0.8| 0.6) 0.5] 0.3 
ZT 8 20 3 2 SIRET 2281.00 o| | Gaine ms) Re sc 
8 o 3 2 o I 4 I PSE el | © 220 973,3: 071.0 22411520 
14 ol 91 3 4 5 7 2| I4| 5.9 00220008 LOLO/ 1.812.7.3| 01.7 2050.95 
I4 fe) 2 2 I I I il) MOL ayy OMS | NO AL GA © os 2 
Io) 19 8 2 I 3 4 2 8| 4.7 Gl) 2 x x x x a a À 
27| 59| 580 4 Ab eo Bal Su = 52 Ol LO x x x x x XI À 
3 7 $5 I | 2S 2 25:9 ON 
OE 2A AT 4 7 24 AA A Ze o| 82 
II} 30| 65 6 Ol) 52 All 3 25) Cea 33 57| 11 30 ol Tid] OC} AE) Bue 


Tellus X (1958), 3 


406 NOTES 


mg/m? oe ug/m? (=kg/km?) 
ARE 
Code S| Cl} § | of | Na! K|Mg|Ca Q sıa| S | Cl] a | Na] K |; Mg; Ca} 
212 en) a | | 
Precipitation March 1958 (D 803) | _ Air March 1958 (L 803) 
Bs 5| 17] Stoo 4 54 6 cl 18| 4.8 o| 109 —| — 
Ly 9| 34 2 az UL 17 3| 26 3| 4.2 0 81 —| — 
As 5| 21| 130 5 79 3| 14 1311 4.8 ol 140}, 3:6| Eo] 3.9| o.1| 2.9) 1.0] 826 
Vd 251.37) 561 #7! 271 35 °5| 28) ES) 5.0} vol) 49 ur: 
Bl 6| 25| 41 4 7| 24 4 8| 23] 4.9 o| 83 
Ty 2] 4 44] 51 8 25) 2) 7 19) 6.5) —| —| 7.8] 6.1| 4-8) 7.9] 1-6 1.9| 4.3 
Hô 4) 35 74 0310 15) 47) 4 28 TS 4-6) 2781 1749 = 
Ad 5| 12| 18 I 6 913 2 5 ZN AT of] 61 — 
Lw 4 3.6| 14.0| 0.8] 0.0} 0.6] 0.7] 0.0 
Ab 99| 130] 410] 45] 63] 950] 51] 120] 150| 5.2 o| Ioo| II 5.4|| 227] 0.21 (076) 2210228 
Ed 43| 130] ı80| 24| 47| ı20| 14] 22| 47| 4.5 0) 59] 14 3:9|| 33% 1271, 2:76 2:0085.0 
Es 381 79| 95) 180 Zr)" 63 3 TU 17 ae ol 53|19.2| 2.4| 1.6| 1.8} 0.9] 0.5) 8.5 
Le ZU 5518 1770| 291, 50) 93] 7721| S27 7a 2.0 ©) BEE Sx x x x x X ex 
Ro 37| 65| 160| 31| 41 82| 17| 21| 95| 4.3 O| Faxless 6 3.01. 3-4) T5)) 251 36 
NA 41| 130| 800} 39 470| 26| 62| 130| 5.3 O| 2201 162127 5.3) 77.1 Ls) Sara 
Ca 70| 134]1 O89] 18| 25| 629| 24| 87| 56| 4.6 o| 73|11.8| L4| 1-8} 3.1] 0:6) “os 020 
Bt 87| 148]1 723| 30 6 6.1 16| 85 
DA 23| 133] 614| 46 3 4-9 o| 189 
Va 133| 109] 865| 13] 13 5.4 o| 33 
Sc 9| 37| 116 8 9) 53 5 9| 34| 4.2 o| 96| 19.9] 15.2] 6.2] 4.5| 2.3] 0.8] 1.8 
BV TO| 45 07 T7 5 16 a 20017210 44 ©| 177| 40.7| 14.7| 7:0} 1-2] 1-0) 0.6) 28 
Bn 206°50|" 104. 35|, Zo) 39| 20) 7119|43201..6.0| 60| a3) 4275) 17.3], 6.81, 251, 1:71 Er Sees 
Au 207.721. 7501 141 ws TO) 121 Tor 571 44 OÙ 38125.5| 9.21 64| 131 RS 2012208 
Fe 55| 103 0.7012. 330 29124 Ole 251043 fe) 2| Or2) Tsk] 293) TT INT TIRE SRE 
Ba 31 FAT 2401 731 TS rs 9 3] ©2| 5.6) 28)-— 21) 22.9) 87] 4.9)..1.81 0:91, 0:71 224 
Ho 081737), =38 7 Of) TES) OS IN 2210 921° 5% o| 22/29.4| 4.4| 4.0] o.9| 0.8| 0.6] 1.2 
Rm Bi 220 291 13 AN 32 6 4181711" 6.5 2081. 88122115 4115027105) Os) ae 
Et 797531, ao STE 12 750 72 5| 57| 5.2 o| 38} 35.3} 8.5| 8.3] 3.5| 1.0) 1.0| 4.6 
He — — 
KZ 15| 36 5 8 4 4 2 SSSR Oo 6 26) 10:0} 25 35h Teo) 0,8. Caparo 
Wi Fa Pres 35 3] ee 25) 20) 1307138 5-4 fe) 18] 50.9] 9.8] 7.6] 2.3] 0.9] 0.3] 0.8 
Lz 46| 109 TA 2a ES 15| ro} 13| 98) 5.7 2 25| 34-6] 6.5] 5.0] 0.8] o.9| 0. | 0.7 
ioe 33| 62 Io 15 6 5 SE ARE. 562, fe) 19] 23.9] 5.3} 3-5] 1.4| 0.9] 0.3] 0.6 
DH 27| 127) 363) 31] 21] 213] 12} 105| 69| 4.2 QO} ILO) 37.1| 26.1] 5:2] 9.1) 0-7) 42.81" 24 
DB 210, 381.122 8 1 76 Gl) Ua, AO AR oO} 61) 34.9] 14.8| 6.9| 8.1| 1.0) 15.3] 2.2 
W 24| 3838| 96 7 I 66) 101 m2| 42) 4.3 O| 65|25.6114.6| y.2 7.1 0.9112.5| 2% 
SA 22 102 73| 16 6| 44| Io 9| 44| 4.6 ol) 67 15.3] 2.7] 327] 45| 021,081.20 
U 23,881, 756. LOW 141.39 Q| Ir} 66| 4.6 0] 58] 57.6} 10.8} 2.7] 4.6] 0.5] 0.8] r.o 
B OF 2172| 1306| 54| 30 60] 16] 19| 100| 4.4 fe) 49| 23.7] 6.5] 3.7] 0.9} 0.3] 5.1] 0.8 
D 16} 58] 57| 15 4| 40 3 8 30] 4.8 O| 53) 20.4) 8.4] 4.6] 1.7] 0.6] 8.8) 1.7 
MH 27 05 Toh 2K Ko) 30| 16 87 65] 5.9 36 37| 35-7| 22.0] 4.6] 2.4] 1.2] 0.0] 0.9 
Rs 86) 59; 362! 24 6| 175 9| 25| 31| 5.0 ol 771.192| 4.1 2.6| 2.51 0:6 0.00.60 
LM A470 ASI (OO 20 5] 39 3 8} 590] 5.1 0 7782| 2-21) 3:87 351 OW 021598 
Ex 57| 53 63| 2 7 26| 64| 12] 25| 5.9 14 17180 92 34] 22 taal) 0x GA 
Bg 506g 7a 20 17 33 6 7| 104| 5.5 (6) 20| 15.7| 2.9| 4.6| 1.8] 1.2] 0.0] 10.4 
Ae | U es Stine 16 20 9 8| 159| 5.7 Il 12 — 4 — 
Za 52 200 27 150 2 20 7\ 9120| 6.3] A9| 28 


Tellus X (1958), 3 


10) —16.0| Calm o| 3.39||20| —5.6| NE 1.5 8 
ı8| —5.3) NE 0.5|X°10| 3.34||21| —6.6 SW o.5 Io 

Jy 19] —6.1] NW 1 8] 3.14]|28] —2.7| WNW 2 9 
26| —16.2| NE (0522 10| 3.06 


NOTES 407 
CO,-values in Scandinavia February— April 1958 
(Cf. FonseLius, KOROLEFF: Tellus 7, pp. 258—265) 
February March April 
5 5 : 4 ; H 
Big T a solle D el ES le "D ie ee 
Se See 
— © u „g em 
= E = & = E 
10| —3.0| NE 12 |X 10|2.94|20| —4.0) ENE 7 IO} 3.27||18| —2.0| S 5% 913.15 
Ka 18| —5.0| ENE 20 8|3.21/|21| —5.0| E Io IO} 3.201119] —4.0| SW 5 10| 3.24 
19| —11.0] NNE 15 4| 3.09|[285| —5.0| E a 7\ 3.17||20| —2.0| NE 15 9| 3.19 
126| —6.0} S 5 |X° 9! 2.98 
10] —12.5] ENE 2 x°10|3.64 20] —1.0| W 11 | *10|2.81|I18| —2.0| N I 1| 2.96 
<a 18} —5.2| Calm 8! 3.05|[21| —3.0| Calm 10| 3.43||19| —3.0| SE 12 31 3.20 
À 19| —6.0| ESE ı 10| 3.23||28| —2.0| W 10 |V*10| 2.96]|20 = — —| — 
26| — — | — | — 
10| —10.6| Calm | IO} 3.20||20| —71,8| W MN 112.86|178 0.8| S 2 6| 2.86 
ö: 18| —7.4|NW ı |= 1]|3.05|[21 2.0| W 2041274179 0.2| SE 2 10| 3.06 
J 19} —10.2| Calm 10| 3.54]/28 0.5|S I 9| 3.06||20 4.8] Calm 6} 3.05 
26|—12.8} NW ı |= 3.42 
10|—15.0 NW 7 5| 3.36||20| —5.0| Calm I} 3.02|[18 5.0] W 2 I] 2.92 
Br 18| —ı0,0| NW I 71 2,8222 2.01 Calm o| 3.09||19 2.0] SW 2 10| 2.99 
19] —6.0| Calm o| 2.84||28 o| Calm O} 3.22||20 mo SE 2 9| 2.87 
26| — 22.0] Calm o| 2.95 
Io} —85 NW ı 8| 3.10[[20| —4.8| N 5 8| 3.09||18| 10.0 SW I 4| 3.02 
Er 18| —3.8| WNW 6 513.78||21| —4.2| NE 4 I] 3.42||19 5.615 5 6| 3.10 
19] —4.8| W 4 4| 3.15||28| —3.5| NE I o| 2.97||20 2.11 NW 6 Io] 2.91 
26 — — — 
Io FINE 2 10| 3.49||20| —4.5| N I 8! 3.04||18 2.8| S it o| 3.07 
FI 18 4.3| W I I] 2.95||21| —5.6| N I o| 2.99||19 3.8| SW I IO} 3.00 
19 3.0] SW I o| 3.21/|28| —ı.8| SE I o| 3.04||20| 10.4) W I o| 2.96 
26 11.6| N & 8| 3.36 | 
Io 5.0] SW 4 3.24!|21l —1.0| E I] 2.95||19 6.0| W I] @ Io] 3.05 
pı [19] —3-° W 2 2.82||22| —1.0| E I 1| 2.81}/20 7.0| W 1| @° ro] 3.28 
20| —3.0| W 2 5| 2.92]|28] —1.0| E 8 o| 3.00||21 8.0| W 6 I| 2.90 
26| —5.0| N 8 I] 3.43 
ro] —18.4| Calm oo° 10] 3.44||20 0.11 W © 0|3.32||18| —3.1| NE 1|00° To} 3.38 
Ss 18} —8.9| N 0.5|%© 10|3.46||21 0.1) W 1.5|00 oO} 3.40||19| —ı.4| E 2}00° To] 3.19 
ro) —=9.3|) N ı |X°10|3.03||28| —2.8] SW 5] 3.09|[20 0.2] SSE 2|0o0 Io] 3.26 
26| —6.0| E I |KX°10|3.15 

Io] — 16.9) W I 0| 3.45||20| —7.0| NE I 
p 18 — S2|N 2 |X°10|3.09|[21| —6.8| NE 1 |X° 7| 3.14 

aus —6.4[NW 2 |x°1o|3.10||28| —3.4| NE 1.5 
26| —15.4| NE 10| 3.49 


Tellus X (1958), 3 


February March jé April 
= In} im 3 uu 5 
© © -i Hs) ch _ oO = 
= rg = = © rg a = oO je} < © 
she) & [5 A) CS ae 
a “AN E.| SE = | € 
Io] —11.0| N 0.5 10| 3.49||20| —5.0| E 2 O| 3.24 18 7.0| NW O} 3.34 
T 18| —3.0|NW 2 10| 3.5521] —7.0| NE 2 O} 3.23||I9 5.0) SW I o| 3.20 
” 19] —3.0[NW 15 10| 3.43||283| —3.0| E 2 o| 3.40||20 4.0] SE I IO} 3.30 
26|—11.0] ENE 6 |X Io] 3.50 
Io] —18.0] SSW 5 3.02|!20 2.0| W 9 Io} 2.99||18| —9.0] SSW 2 o| 2.92 
T 18} —-9.0| Calm =. 2.95||2I 1.2) WNW 13 |X 10|3.04||19| =-13.0] SSW 6 o| 3.62 
5 19| —12.0| Calm =° 2.97||28] —18.2| Calm IO] 3.11/20] —17.0| SSW. 2 o| 3.09 
26| —ı.8| NE 9 |= 7710| 2.89 
10 —ı0.2]|NE 4“|=° |2.9120| —2.2|E I 2] 2.85||18 2.8| E 2 1] 2.84 
Nig 180 2:3 WSW | KT Oo | -05||27 m2 I |=102.95||19 4.0|NNW 5|/=°10| 3.08 
= I19l —6.5| ENE 2 |=° 3|j3.10|/28 o| WSW 5 [v*ıo| 3.03||20 5.8| ESE 4 2| 2.99 
26) —11.4| E ig 510526 
10] —32.5|SSW 2 I] 3.07||20] —9.0|SSE 2 o| 3.14||18 5.0] SSW 2 5| 3.18 
Iva 18} —3.1| WSW 9 IO} 2.99||21 9.0] Calm o| 2.99||19 6.3} WNW 2 5] 3.16 
= 19] —10.3| NE 5 |% 10} 3.05]/28) —7.9| ESE 2 o| 2.92||20 5.21 E 13 10| 3.02 
26| —24.0| SSW 2 o| 3.78 | 
Io] —3.5| E 8 10| 2.87||20 o| N 2 o| 2.91||18 5.0|S 4 10| 2.79 
Sd 18] —1.0| NW 6 I] 2.99||21 E 8 o| 2.85||19 7.0| S 2|V @10| 3.02 
19| —1.0] SW 12 | X 3.30|[28 3.0| E 2 o| 3.01||20 5.0) SW 6|@ 1o| 2.83 
26| —5.0| E I I] 3.02 
Io] —1.6| SE 6 |x210| 3.13||20| —o.8| NE 3 10| 3.17||18 8.2} SW 4 9| 3.01 
ER 18] —1.0| NW 3 9| 2.94||21| —3.2| NE 3 IO} 3.15||19 7.4| SSW 4 10| 3.02 
*|19| —o.1] W 2 IO} 3.04]|28 2.2 5 7| 3.20||20 7-6| SW 5 10| 2.96 
2005 ANNE ea 737 
Io OJOS, 3) 3.30]|/20] —0.6| NE 4 4] 3.04||I8 6.2] S 4 8] 2.92 
As 18 2.2) NNW 2 2.92|21| —2.0| ENE 4 IO] 2.99||19 5.8] W 4 6| 3.08 
19 1.11 W I 8| 2.72||28 3.7| ENE 6 4| 3.24||20 9.2] W 5 8} 3.18 
26| —5.2| NNE 2 3| 3.27 
Io 8.3| SW 17 3.10||20 _ = —| —||18 8.1| SW 20 —| 3.19 
Vl 18 — = —| —|[21 u — Ken ee 9.8] W 24 —| 2.93 
19 à = — | 6.7} ESE 8 |@° 10|3.07||20| 10.1] NNE 30| —| 3.09 
26 — — era AE 


ia Cane Altitude le > Longitude Green- Precipita- Air|co Started 
<a N wich tion : sampling 
mm lt mt LU eee 
Dublin Airport...| DA 53°26% 6°15’ W > Feb. ı. 1958 
Belmullet ........ Bt 54°14’ 10°00’ W x Mar. 1, 1958 
ETA à MOG i 5 7532 < Apr. I, 1958 
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